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SINGULAR SUPERSPACES 



ALEXANDER ALLDRIDGE, JOACHIM HILGERT, AND TILMANN WURZBACHER 



Abstract. We introduce a wide category of superspaces, called locally finitely 

generated, which properly includes supermanifolds but enjoys much stronger 

r/*\ ' permanence properties, as are prompted by applications. Namely, it is closed 

under taking finite fibre products (i.e. is finitely complete) and thickenings 
f"^ , by spectra of Weil superalgebras. Nevertheless, in this category, morphisms 

^sj ■ with values in a supermanifold are still given in terms of coordinates. This 

framework gives a natural notion of relative supermanifolds over a locally 
finitely generated base. Moreover, the existence of inner horns, whose source 
^^ , is the spectrum of a Weil superalgebra, is established; they are generalisations 

^H ■ of the Weil functors defined for smooth manifolds. 

oo 
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Introduction 



Supermanifolds form a natural Z/2Z-graded generalisation of the category of 
manifolds, originally introduced as a tool to treat fermionic and bosonic fields on 
r^ , the same footing. In stark contrast to the traditional theory of smooth manifolds, 

certain basic constructions in supergeometry automatically lead to 'singular' super- 
spaces. One is thus compelled to work within a wider category. 

Indeed, let us make the reasons for this step more explicit. Typically, fibre 
products of supermanifolds do not exist as such. For instance, assume given the 
action of a Lie supergroup G on a supermanifold X and a generalised point x : 
T -> X. If T ^ *, e.g. T = A ! 1 , that is, the case of an 'odd point', then the 
isotropy of G at x should be defined as a fibre product, which however usually is 
l/~) , not a supermanifold. 

Furthermore, as applications in e.g. Lie theory or variational calculus suggest, 
it is natural to consider a category stable under thickening by spectra of finite- 
dimensional local superalgebras. These are the so-called Weil superalgebras, and 
include examples such as the dual and super-dual numbers, the jet algebras, and the 
supcrpoints. This point of view also gives a natural construction of the 'extensions' 
of (super) manifolds introduced by A. Weil (and called Weil functors here), as inner 
horn functors in this category. 
; i , Another motivation comes from the necessity for the definition of supermanifolds 

over a general base, which itself need not be a supermanifold. Notably, this is 
required for a full-blown theory of Berezin integration along the fibres. 

The aim of the present article is to construct an extension of the category of su- 
permanifolds, closed under finite limits and Weil thickenings, which we now proceed 
to describe. 

In algebraic geometry, the objective of constructing a category that meets these 
requirements is attained by the introduction of the concept of schemes, including 
ab initio singular, i.e. non-smooth, objects. Since their inception in the work of 
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2 ALLDRIDGE, HILGERT, AND WURZBACHER 

Berezin, Kostant, and Leites, supermanifolds have been defined within the larger 
category of superspaces, i.e. locally super-ringed spaces, and thus, one may attempt 
to find a larger subcategory in which the above difficulties are no longer present. 
In this paper, we single out the full subcategory of locally finitely generated su- 
perspaces. Here, a superspace is called locally finitely generated if it has a cover 
by open subspaces, each of which admits an embedding into (smooth or analytic) 
affine superspace A m K 

Morally, the local finite generation of a superspace is analogous to the condition 
that a scheme be locally of finite type. However, the ring of germs of C°° functions 
on R" is far from being Noetherian, so the study of these spaces is not merely a 
translation of methods from algebraic geometry, but requires different techniques. 

Indeed, for the embeddings in the definition of locally finite generation, we are 
obliged to require the property of tidiness. Technically, this means that their vanish- 
ing ideals satisfy the Whitney condition [5] , which in the smooth case is equivalent 
to closedness of the ideal in the C°° topology (although this is not the form in which 
it is applied here). Without the condition of tidiness, the existence of equalisers 
would not be given. Moreover, in their construction, tidiness has to be enforced by 
a univeral construction, which we call tidying. 

Another respect, in which we have to depart from the paradigm of algebraic 
geometry, concerns the description of morphisms to affine superspace A m l™. Mor- 
phisms from any locally ringed space to an affine scheme are in one-to-one cor- 
respondence with morphisms of the algebras of global sections, a fact which is 
quickly deduced by localisation. In particular, morphisms to algebraic affine space 
A™ 1 are given by coordinates; that is, they are in bijection with tuples of functions 

\X\ , . . . , XtjiJ. 

By contrast, to determine to which extent morphisms with range in smooth (or 
analytic) affine superspace A™'™ can be described by coordinates is a subtle matter. 
For the case of supermanifolds, the fact that they can is a fundamental result 
due to Leites [TJ. We call a superspace for which this theorem holds for all open 
subspaces Leites regular and investigate the stability of this property under passage 
to colimits, locally closed subspaces, and thickenings. An important outcome of this 
study is that tidiness is crucial to ensure the hereditarity of Leites regularity; in 
particular, locally finitely generated superspaces are Leites regular. 

An important aspect of Leites regularity is that in the category of Leites regular 
superspaces, the smooth (or analytic) affine superspace A m is the m-fold product 
of A 1 . This is not true in the larger category of superspaces, for the algebra of 
smooth functions on IR 2 is not the tensor square of the ring of univariate smooth 
functions. Thus, unless one is willing to work with sheaves of topological vector 
spaces, there is no simple-minded construction of the products A 1 x • • • x A 1 . Instead, 
we construct smooth (and analytic) affine superspace A m directly. The general 
case A m ' n appears as a special case of the process of Weil thickening, by which a 
superspace is augmented by a Weil superalgebra spectrum. 

By tidying, the existence of products for affine superspaces carries over to locally 
finitely generated superspaces. Together with the existence of equalisers (which ex- 
ist for locally Hausdorff tidy superspaces) , we arrive by the result that the category 
of locally finitely generated superspaces is finitely complete, contains supermani- 
folds as a subcategory closed under finite products, and is stable under Weil thick- 
ening. 

This setup allows for the introduction of relative supermanifolds over a locally 
finitely generated base. Moreover, the Weil functors (also known as Weil extensions 
in the literature) and relative versions thereof can be defined as inner horn functors 
in the category of locally finitely generated superspaces. We show that they are 
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representable by relative supermanifolds. This gives a uniform construction of the 
(relative) even and odd tangent bundles, and their higher analogues. Moreover, it 
has important applications in algebraic topology, notably in the work of Stolz and 
Teichner on Euclidean field theories, where these inner horns play a prominent role, 
see e.g. Ref. [TU] . 

We end this introduction by giving a brief synopsis of the article's contents; herein, 
the reader will find references to its quintessential concepts and results, as alluded 
to above. In Section [TJ we recall standard notions from the theory of superspaces. 
In Section [21 we embark upon a study of the fine structure of embeddings (called 
immersions in algebraic geometry). In particular, we introduce the notion of girth 
(Definition 12.11) , which quantifies the relative size of an ambient space around an 
embedding. This is crucial below, to prove that Leites regularity is hereditary 
under certain embeddings. Important examples of embeddings are furnished by 
the Weil thickenings, which are also introduced in this section. Finally, we discuss 
the concept of tidiness and show how it can be imposed on an embedding by a 
process called tidying ( Proposition 12 . 34l) . 

In Section |31 we define several variants of the standard affine superspace A" 1 '™: 
real smooth, real analytic, complex analytic, and real smooth and analytic ver- 
sions with complexified function sheaves. The latter two serve as local models for 
J. Bernstein's category of cs manifolds. We then define Leites regular superspaces; 
this framework gives meaning to the concept of local coordinate systems. 

In Section HI we show that Leites regularity is stable under under colimits (Pro- 
position 14. 4p and investigate its stability with respect to embeddings (Proposi- 
tion [4T0]) and thickenings (Proposition |4T3]), the latter of which Weil thickenings 
are an example of. We then introduce locally finitely generated superspaces. We 
show that these are Leites regular (Proposition 14. 161) . admit finite limits (Corol- 
lary 322]), and Weil thickenings. In this framework, we introduce relative super- 
manifolds over a base, which is locally finitely generated. At this level, base change 
becomes meaningful, and for a fixed base, the relative category enjoys the same 
properties as the category of usual supermanifolds. Finally, we introduce (relative) 
Weil functors as inner homs with respect to the spectra of Weil superalgebras, and 
prove their representability. 

Acknowledgements. We extend our thanks to the following institutions for provid- 
ing their stimulating research environments during the preparation of this article: 
Mathcmatisches Forschungsinstitut Oberwolfach, Max-Planck-Institut fur Mathc- 
matik Bonn, and Ruhr-Universitat Bochum. We thank Torsten Wedhorn for useful 
comments on a preliminary version of the manuscript. 

1. Generalities on superspaces 

In this section, we collect basic facts and definitions related to superspaces in 
the sense of Ref. [5] . Most of these are more or less straightforward generalisations 
of the ungraded case, v. Ref. gj. Accordingly, we will only give full proofs in such 
cases where we deviate from the standard lore. 

1.1. Superspaces and their morphisms. We start with the definition of the 
category of super-ringed spaces. 

Definition 1.1 (Super-ringed spaces). A super-ringed space is a pair X = (Xo, Ox), 
where Xq is a topological space and Ox is a sheaf with values in the symmetric 
monoidal category of supercommutative unital superrings (i.e. Z/2Z graded rings) 
and even, unital ring morphisms. It is called the structure sheaf of X. 
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By definition, a morphism of super-ringed spaces ip : X — > Y is a pair (<po,<p *) 



-1/ 



where <^o : Xq ~~ ► ^o is a continuous map and <p* : <^ Oy — ► Ox is a morphism of 
sheaves (of superrings). These form a category denoted by SRSp. 

Definition 1.2 (Open subspaces). Whenever X is a super-ringed space and U C 
A is an open subset, let jf|y = (U,Ox\u)- Such a super-ringed space is called 
an open subspace of X. It comes with a morphism j x \ v '■ X\jj — > X, defined by 
jx\u '■= (jx\u,0i 3x\ ) wnere Jx\u,o is the inclusion of U in Xo, and the sheaf mor- 
phism jL : j^i qOx — Ox\u —* Ox\u is the identity; jx\ v is called the inclusion 
of X\u in X. We will systematically identify open subspaces and the underlying 
open sets. Thus, unions and finite intersections of open subspaces make sense. 

If the sections of the structure sheaf are to represent 'supcrfunctions' and non- 
vanishing 'superfunctions' are to be invertible one needs the stalks of the structure 
sheaf to be local rings. Ringed spaces with this property are called locally ringed 
spaces in algebraic geometry. Recall that a ring R is called local if it possesses a 
unique maximal ideal. Similarly, one says that a superring R is local, if it possesses 
a unique maximal graded ideal. It turns out that in the supercommutative case, one 
does not have to distinguish between maximal ideals and maximal graded ideals. 

Proposition 1.3 (Local superrings). Let R be a supercommutative superring. The 
following are equivalent: 

(i) R is local as a superring; 
(ii) R is local as an ungraded ring; 

(iii) for homogeneous a,b £ R with a + b = 1, one of a and b is invertible; and 
(iv) for any a,b € R such that a + b = 1, one of a and b is invertible. 
In this case, the unique maximal ideal is graded and consists of those elements 
of R which are not invertible. 



In view of Proposition ll.3l the following definition of the category of superspaces 
is an extension of the definition of locally ringed spaces. 

Definition 1.4 (Superspaces). A super-ringed space X — (A , Ox) is a superspace 
if for each x G Xo, the stalk Ox,x is a local superring. We denote the maximal 
ideal by mx,x- A morphism ip : X — > Y of super-ringed spaces where X and Y arc 
superspaces is called local if <p*(ttiY,tp w) ^ m x,x- The category of superspaces and 
local morphisms is denoted by SSp. The locally defined sections of Ox, where X 
is a superspace, are called superfunctions. 

Given a field k, a superspace X is called a k- superspace if Ox is a sheaf of 
fc-algebras. The category of fc-superspaces and local morphisms ip such that <p$ is 
fc-linear is denoted by SSp fc . 

There is also a relative version of the category of superspaces. 

Definition 1.5 (Relative superspaces). Let p : X — s> S be a morphism of super- 
spaces. We will say that X is a superspace over S (or a relative superspace) and 
write X/S, the morphism p — px then being understood. 

A morphism over S, written / : X/S — > Y/S, is a morphism / : X — > Y such 
that py ° f = Px, i-e- the following diagram commutes: 

X *Y 




We denote the set of morphisms X — >• Y over S by Horns (A, Y) and the category 
of superspaces over a superspace S by SSp s . 
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More generally, given any morphism h : S — > T, a morphism / : X — > Y, where 
X/S and Y/T are relative superspaces, is over h if py o f = h o p x . This enables 
us to consider relative superspaces over varying bases. 

Remark 1.6 (Terminal objects). The category of fc-superspaces has the terminal ob- 
ject Spec fc := (*, k). Any fc-supcrspace may therefore be considered as a superspacc 
over (*, k). In fact, the following holds. 

Proposition 1.7. Let k be a (purely even) field. Given a superspace X , there is 
a bijection between the k-superspace structures on X and morphisms X — > Specfc. 
Moreover, if X and Y are k- superspaces, and ip : X — > Y is a morphism of super- 
spaces, then (p is a morphism of k- superspaces if and only if it is over Specfc. 

We end this subsection with a simple but fundamental construction. 

Construction 1.8 (Change of base field). Let £ be a field extension of the field k. 
Any ^-superspace X can be naturally considered as a fc-superspace by forgetting the 
^-structure on Ox- In other words, by composing the given morphism X — > Sped 
of superspaces with the natural morphism Spec £ — > Spec k. We will denote the 
fc-superspace associated with X by the same letter. 

Conversely, let A be a fc-superspace. We define Xg to be the £-superspace 

X e :=(X ,O x ®k£)- 

By considering the sheaf embedding Ox —$■ Ox e given by construction, we obtain a 
morphism Xg — > X of fc-superspaces. Moreover, there is a natural morphism Xg — > 
Spec£ of fc-superspaces. Let Y be a fc-superspace, and assume given morphisms 
p : Y — > X and Y — > Spec^ of fc-superspaces. The latter means that Y has an 
f-superspace structure compatible with the embedding k C £. Thus, tp$ extends to 
a unique ^-linear map Ox ®fc £ ~^ <Po,*Oy- This shows that Xi has the universal 
property of the fibre product X Xs p0 cfc Spec^ in SSp fc . Thus, the functor (—)t is 
right adjoint to the forgetful functor SSp £ — > SSp fe . 

1.2. Embeddings. In this subsection, we discuss a particular class of morphisms, 
which we call embeddings, following the standard terminology of differential geom- 
etry. In algebraic geometry, they are called immersions. However, the immersions 
of differential geometry in general are neither injective, nor is their image locally 
closed. To avoid confusions in the applications to supermanifolds, we therefore stick 
to the wording common in the study of smooth manifolds. 

Recall that a continuous map is called an embedding if it induces a homeo- 
morphism onto its image (endowed with the relative topology). An embedding is 
called open resp. closed if its image is, in addition, open resp. closed. An open 
(resp. closed) embedding is indeed an open (resp. closed) map. 

Definition 1.9 (Embeddings). Let if : Y — >• X be a morphism of superspaces. It 
is a called an open embedding if it factors as <fi = jx\ v ° V' where U C Xq is an 
open subset, and ip : Y — > X\u is an isomorphism of superspaces. In this case, 
U = ipo(Y ), and we denote by <p(Y) the open subspace X\u C X. 

The morphism ip is called a closed embedding if the map ipo is a closed embed- 
ding, and the sheaf morphism ip* : Ox -^ t pv,*Oy is surjective, i.e. it induces an 
isomorphism 

Ox/Iy ->• Po,*O y , 

where Xy '■— ker ip* is by definition the vanishing ideal of Y (or of ip) . 

Moreover, p is called an embedding if it factors as p = p" o ip' where ip' is a 
closed embedding and p" is an open embedding. Finally, an embedding p is called 
a thickening if Xq = Yq as topological spaces and <po is the identity map. 
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Open and closed embeddings are embeddings, and embeddings are preserved 
under field extension. Compositions of open (resp. closed) embeddings are open 
(resp. closed) embeddings. General embeddings are stable under composition, as 
follows for instance from the following proposition. 

Proposition 1.10. Let p : Y — > X be a morphism of super spaces. The following 
assertions are equivalent: 

(i) The morphism p is an embedding. 

(ii) The map ipo is an embedding, and there exists an open subset U C Xq such 
that ifo(Yo) is closed in U and (p* : Ox\u —* fo.*Oy is surjective. 

(iii) The map tpa is an embedding, tpo(Yo) is locally closed, and the sheaf map 
<pr : Ox\u —> ^Pq,*Oy is surjective, where U := po(Yo) U -Xo \ ^o(^o)- 

The proposition is implied by the following basic topological fact. 

Lemma 1.11. Let T be a topological space and S a locally closed subset. The 
largest open subset U CT such that S is closed in U is U := S UT \ S . 

The characterisation of embeddings in Proposition 1 1 . 101 also allows us to decide 
when a morphism factors through an embedding. 

Proposition 1.12 (Factorisation through embeddings). Let ip : Y — >• X be an 
embedding with ideal Xy C Ox \u> where U '■— tpo(Yo) UXq \tpo(Yo), and tp : Z — >• X 
a morphism. Then ip factors through ip if and only if ipo(Zo) C pq(Yq) and Xy C 
ker ip^\u- This factorisation is unique. 

If the map underlying an embedding is an inclusion we talk about a subspace. 

Definition 1.13 (Subspaces and closed subspaces). Let X be a superspace. If 
j : Y — >• X is a (closed) embedding of superspaces where Y C X Q and j is the 
inclusion of Y$ in Xq, then we say that Y is a (closed) subspace of X. 

Given a locally closed subset Yo of Xq, the structure of a subspace Y over Yq (if 
it exists) is determined uniquely up to canonical isomorphism by a graded ideal Xy 
of Ox\U, where U := Y n U X \ Y , such that suppOx\u/Xy = Y . This ideal is 
called the vanishing ideal of Y . The isomorphism classes of such subspaces Y are 
parametrised by the ideals Ty . 

For any subspace Y of a superspace X there is an increasing sequence of sub- 
spaces all with underlying space Y$. The sections of the corresponding structure 
sheaves should be viewed as superfunctions on X which do not necessarily vanish 
on Yo, but are nilpotent of a certain order on Yq. 

Definition 1.14 (Infinitesimal normal neighbourhoods). Let j : Y — » X be an 
embedding of superspaces with ideal Xy C Ox\u, where U '■= jo(Yo) U Xo \ Jo(Yo). 
For any integer n ^ 0, let XyW := 1 Y +1 C O x \u and OyW := Jq^OxIu/Xy^)). 

The superspace yW := (Yq, Oy(«)) is called the nth infinitesimal normal neigh- 
bourhood of Y in X . It comes with a natural embedding j^ : yw — > X. In partic- 
ular, Y = y(°) and j = j(°\ Whenever n ^ m, the embedding j( n ' : Y^ — > X fac- 
tors uniquely through j^ : y( m ) — >■ X via a closed embedding j(™ m ) : y( n ) — > y( m ) ? 
by virtue of Proposition 11.121 

The (y(™),j( nm )) form an inductive system of superspaces, so naturally the 
question arises whether we can form inductive limits in SRSp s and SSp s . It turns 
out that not only inductive limits but all small colimits exist in these categories. 

Proposition 1.15. Let S be a super-ringed space. The category SRSp s is cocora- 
plete, i.e. all small colimits exist, and SSp s is closed under all of them. 
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Proof. By Proposition ll.3[ superrings are local if and only if they are local as 
ungraded rings, so the statement follows from the classical case [3, 1.1.6]. □ 

The Yoneda embedding allows us to identify the structure sheaves of small col- 
imits of superspaces. 

Remark 1.16. Let X = lim Xk be an inductive limit in SRSp s (or in SSp s ). Then 
Ox = Um r (/fc)o.*Oxi. inSh(Xo), where fk ■ Xk — >• X are the natural morphisms. 
Because this projective limit is the projective limit of presheaves and the Yoneda 
embedding commutes with projective limits, we have that Y{Ox) — Um. T(Ox k )- 
The statement also holds with 'small colimit' in place of 'inductive limit' if one 
replaces 'projective limit' by 'small limit'. 

Example 1.17. We return to the inductive system of infinitesimal normal neighbour- 
hoods. Let Y (oo) with the morphisms j (noo) : Y {n) -)• Y~ (oo) denote the inductive 
limit of the inductive system (y( n ) ) j( nm )) of superspaces. The superspace Y^°°' is 
called the infinitesimal normal neighbourhood of order oo of Y in X. The morphisms 
j(nm) ^ wnere m £ pj y qq^ are thickenings. 

1.3. Gluing. The gluing construction is standard in geometry. It depends on the 
possibility to have fibre products with open embeddings. 

Proposition 1.18 (Fibre products with open embeddings). Let p : X — >• Z be an 
open embedding of superspaces, and ip : Y — > Z a morphism of superspaces. Then 
X XzY exists in SSp. andpi : X Xz Y — > Y is an open embedding. The statement 
carries over to k- superspaces. 

Now we can show how to glue superspaces and their morphisms; this technique 
will be fundamental. To have it available in its most general form, we introduce 
the concept of 'gluing data'. 

Definition 1.19 (Coverings and gluing data). Let S be a superspace. An open 
cover of S is a family (Ui) of open subspaces such that IJ^ Ui t o = So- 

More generally, a morphism ip : T — > S is called a covering of S if there exists an 
open cover ([/,-) of T such that T = Jj^ Ui, <p\vi '■ Ui —¥ S are open embeddings, and 
the open subspaces <p(Ui) Q S form an open cover of S. In other words, tp = JJ^ tpi 
where ipi : Ui — > S are open embeddings. We identify ip with the collection (<pi). 

Given two coverings ip = {ipi : Ui — > S) and ip = (ipj : Vj —¥ S) of S, the fibre 
product p Xs ip — (tpi Xs ipj) exists, in view of Proposition 11.181 In case ip = <p, 
we write tpij : J7y '■— Ui Xs Uj — > S for this fibre product. The triple intersections 
Ui y-sUj Xs Uk — > S will be denoted by pijk ■ Uijk — > S. 

Let ip — (pi : Ui — )• S) be a covering of S, and assume given superspaces 
Xi/Ui and isomorphisms tpij : Xj Xj/. Uij — >• Xi Xjj. Uij. The collection of data 
(tpi : Ui — > S 1 , Xi/Ui, ipij) will be called gluing data for a superspace over S if 

(I- 1 ) Pll&ij) °P23(^'fc) °Pl3(^fci) = idx 4 x^l7y fc . 

Here, p^ipij is the morphism Xj Xjj j U^k — > Xi Xjj i U^k induced by ip^ by pulling 
back along the left-hand vertical face of the pullback square 

Uijk *■ Uk 



Ua — - — >• S 



'%] 



ipij 



Similarly for the other quantitcs in Equation (|l.l|l . 

When the Ui are simply open subspaces of S and the ipi are just the canonical 
embeddings ju t '■ Ui —> S, we will forgo mentioning tp explicitly and simply write 
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(Ui, Xi/Ui,tpij) for the gluing data. In this case, somewhat abusing notation, we 
will write Equation (|1.1[) in the simpler form 

faj ° fak ° fan = id on X i x u z Ui jk - 
Once one has a set of gluing data it follows from the corresponding statements 
for sheaves that they lead to glued superspaces. 

Proposition 1.20. Let S be a superspace and ((pi : Ui — > S, Xi/Ui, faj) gluing 
data for a superspace over S. Then there exist a superspace X/S and isomorphisms 
fa : Xi/Ui -> (X x s U l )/U i with fa = fa o faj on Xj x Vj U tj . 

Moreover, these data are uniquely characterised up to unique isomorphism by the 
following universal property: For any superspace Y/S and any choice of morphisms 
Qi : Xi/Ui — > (Y Xj Ui)/Ui such that Qj = Qi o faj on Xj Xjj. Uij, there exists a 
unique morphism g : X/S —5- Y/S such that g o fa = Qi. 

The statement of Proposition [1.201 immediately carries over to /c-superspaces. 
2. The local structure of embeddings 

In this section, we introduce some concepts, which help us in the quantitative 
study of embeddings. We also define for any superspace certain distinguished sub- 
spaces (namely, the reduction and the body) , as well as a useful class of thickenings 
(namely, the Weil thickenings). We analyse the fine structure of embeddings by the 
use of the new concept of tidiness. Finally, we show how to improve embeddings 
by a regularisation process called tidying. 

2.1. Girth and retractions of embeddings. There are thickenings of various 
sizes, as is illustrated by the example of infinitesimal normal neighbourhoods. We 
introduce the concept of girth of an embedding to quantify this phenomenon. Con- 
versely, one can consider the question whether a thickening can be reversed. This 
leads to the notion of a retraction. 

Definition 2.1 (Finite and countable girth). Let jy ■ Y — > X be an embedding 
of S'-supcrspaces. We say that X (or jy) has finite girth around Y if the vanishing 
ideal Xy is nilpotent, i.e. if there exists some non-negative integer q such that 
X Y = 0. In this case, the minimal q will be called the girth of X around Y. We 
shall say that X (or jy) is locally of finite girth around Y if there exists an open 
cover of U (the largest open subset of X$ in which jy,o(^o) is closed) such that the 
restriction of Xy to every patch of the cover is nilpotent. 

Similarly, we say that X (or jy) has countable girth around Y if C\ 0=1 X Y = 0. 
If X has locally finite girth around Y, then it has countable girth around Y. 

Given an embedding j : Y — > X, we obtain for the infinitesimal normal neigh- 
bourhoods y( fe ): If to ^ n ^ is finite, then the thickening / nm ) : Y^ -t Y^ 
has finite girth at most \m/n\ . 

We have the following useful fact, of which we omit the simple proof. 

Proposition 2.2 (Transitivity of girth). Let jz ■ Z — > Y and jy : Y — > X be 
embeddings of S- superspaces. If X has (locally) finite girth around Y, and Y has 
(locally) finite girth around Z , then X has (locally) finite girth around Z with respect 
to the embedding jy o j% ; Z —¥ X. 

We now introduce retractions, i.e. left inverses for embeddings. 

Definition 2.3 (Retractions). Let X be an S'-superspace and jy : Y — > X a 
morphism over S which is an embedding. Let U C Xq be the largest open subset 
in which jV,o(^o) is closed. A retraction over Y is a left inverse r : X\u — > Y of jy, 
i.e. a, morphism over S such that the following diagram commutes: 
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If jy admits a retraction, it will be called retractable. More generally, if jy admits 
an open cover by retractable embeddings jy t , i.e. there are covers by open subspaces 
(Yi) of Y and (Xj) of X such that the embeddings jy t '■ Yi —* X, induced by jy 
are retractable, it will be called locally retractable. We shall then also say that X 
is (locally) retractable around Y. 

Let jy : Y — > X be an embedding and U the largest open subset of Xq such 
that Jy,o(Yq) is closed in U . Then jy is retractable if and only if the short exact 
sequence 

j» 
► ly > O x \u —^ Jy ,*O y > 

splits as a sequence of superring sheaves. (The splitting is required to be unital on 
the support jy,q(Yq) of JY ,*Oy.) If jy is a morphism over S, then it is retractable 
as such if and only if the sequence splits as a sequence of p x Os-algebras. 

As in the case of girth, we have the following useful fact. 

Proposition 2.4 (Transitivity of retractability). Let jz '■ Z ->7 and jy : Y — > X 
be embeddings of S- super spaces. If X is (locally) retractable around Y , and Y is 
(locally) retractable around Z , then X is (locally) retractable around Z with respect 
to the embedding jy o j z : Z -4 X . 

Let jy : Y — >• X be an embedding. If X has girth around Y, then Y is an open 
subspace of X, so X is retractable around Y. 

2.2. Reduction and body. Reduction of locally ringed spaces removes nilpo- 
tency. Both for schemes and for supermanifolds, this results in a space with a sheaf 
of functions whose sections are determined completely by their values. 

For superspaces, one has yet another reduction, by which everything generated by 
odd superfunctions is removed. The outcome is called the body of the supcrspace. 

Construction 2.5 (Reduction of superspaces) . Let X be a superspace and x <E Xq 
a point. We define x{x) := xx(x) := Ox,x/^x,x'i this is a held called the residue 
field at x. If U C X n is open, x € U, and / £ Ox(U), we define f{x) e x(x) to be 
the image of the germ f x in x{x). This quantity is called the value of / at x. 
For any open subset U C Xo , define an ideal Afx Q Ox by 

N X {U) := {/ e O x (U) | f(x) = for all x e U} 
= {/ e O x (U) | f x e m x , x for all x e U}. 

Define Ox '•= Ox/Nx- Endowed with this sheaf, Xq is a superspace, which 
by abuse of notation, we will denote by Xq and call the reduced superspace or 
reduction of X. If X is a fc-superspace, then so is Xo. In the latter case, *c{x) is an 
extension of k for any x G Xq. There is a canonical morphism of (fc-)superspaces 
jx a '■ Xq -4 X, defined by 

jx ■= (jx,o = idx , Ox ->• Ox/Mx = Xo ) 

which is by its mere definition a thickening with vanishing ideal Afx ■ If jx is an 
isomorphism, then X is called reduced. 

The reduction satisfies a universal property and thus defines a functor. 
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Lemma 2.6. Let X be a superspace. Then any morphism Y — > X , where Y is 
reduced, factors uniquely through jx ■ 

Proposition 2.7 (Functoriality of reduction). There is a reduction functor, de- 
noted by (— )o : SSp — > SSp, which is defined on objects by X i— > Xq, and on 
morphisms by letting (pQ : Xq — > Yq for Lp : X —¥ Y be the unique factorisation of 
V ° jx a through jy a ■ It is right adjoint to the inclusion of reduced superspaces in 
superspaces. 

The canonical morphism jx '■ X-0 — ^ -X defines a natural transformation of 
functors (— )o - ► id. The statement carries over to k- superspaces. 

We will call a retraction of the embedding jx '■ Xq — ¥ X simply a retraction of 
X. A retraction is the same as the datum of a sheaf morphism Ox ~^ Ox of local 
superrings such that for the induced Ox _a lg e bra structure on Ox , the canonical 
morphism Ox —> Ox is 0x o -hnear. 

In more conventional terminology, if r is a retraction, one says that the image 
under r* of T(Ox ) in T(Ox) is a function factor. Reductions play an important 
role in the theory of integration on supermanifolds. 

Similarly, we shall say that X has finite girth, girth h, locally finite girth, or 
countable girth if it does so around Xq. 

We denote by Af x the ideal HaLi^x > an d ca n it the Whitney ideal of the 
superspace X. Thus, X has countable girth if and only if Mx = 0. 

Definition 2.8 (Body of a superspace). Let X be a superspace. Dehne its body Xq 
as the superspace Xq ■- (X , Xq ), where O X - ■= O x /T X - and I X - ■= O x ,i+O x ,i 
is the ideal generated by Ox,i- When X is a fc-superspace, then so is Xq. 

The body is equipped with a thickening jx ■ Xq — > X, which is a morphism of 
/c-superspaces if X is a fc-superspace. When it is an isomorphism, X is called even. 

The body of a superspace enjoys analogous properties to the reduction. 

Lemma 2.9. Let X be a superspace. The body Xq- enjoys the following universal 
property: Any morphism Y — > X , where Y is even, factors uniquely through jx„- 

Proposition 2.10 (Functoriality of the body). There is a body functor, denoted 
by (— )o : SSp — > SSp, which is defined on objects by X i— > Xq and on morphisms 
by letting ifQ : Xq — > Yq for Lp : X — > Y be the unique factorisation of Lp o jx„ 
through jy b ■ It is right adjoint to the inclusion of even superspaces in superspaces. 
The canonical morphism jx '■ Xq — > X defines a natural transformation of 
functors (— )g — > id. The statement carries over to k- superspaces. 

The residue fields in the construction of the reduction allow us to speak about 
values of 'superfunctions', i.e. sections of the structure sheaf in single points of Xq. 
If X is a fc-superspace fc is contained in k{x) for all x G Xq. Thus one can define 
sections with values in A for any subset A of k. 

Definition 2.11 (Superfunctions with specified values). Let (X, Ox) be a fc- 
superspace. For any A C fc, we define a sheaf Ox, a by 

OxAU) ■= {/ G O x (U) | f(x) = j Xo (f)(x) G A for all x G 17}. 
The local sections are called superfunctions with values in A. 

Note that if A is a subfield of fc, then Ox, a is an A-superalgebra sheaf. We have 
the following corollary of Proposition ^. 71 

Corollary 2.12. Let A C fc and Lp : X — > Y a morphism of fc- superspaces. Then 
Lp* induces a sheaf morphism LpQ Oy.A — > Ox, a- 
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Let A: be a field and Xbea fc-superspace. Define 

X (k) := {x£X | k(x) =jfc}. 

Recall that the elements of Xo(k) are called k-rational points of Xq. If Xq = Xo(fe), 
then the local sections of Ox may be considered as fc-valued functions. In this case, 
we call X k-rational. The following lemma is standard in algebraic geometry. 

Lemma 2.13 (/c-rational points). Let * = (*, k) be the terminal object in SSp fc . 
For any k-superspace X , there is a natural bijection 

X(*) := Hom(*, X) -> X (k). 

If x £ Xq, then x G Xo(k) if and only if Ox.x = k © trix,a;- 

A morphism between super-ringed spaces which happen to be superspaces is not 
necessary local, i.e. a morphism of superspaces. If the superspaces are fc-rational 
and the ring morphisms /c-linear, this is no longer an option. 

Proposition 2.14 (Locality of morphisms) . LetX andY be k-rational k- superspaces 
and ip : X — » Y a morphism of super-ringed space such that p>* is k-linear. Then 
qfi(f)(x) = f((po(x))) for any x G Xq and f G Oy, Vo ( x )- I n particular, <p is local, 
and therefore, a morphism of k- superspaces. 

Proof. Let y = tpo(x). In view of Lemma 12.131 and Proposition 11.31 for f y G Oy,y, 
f{y) G >cy{v) = k is the unique A G k such that f y — A is not invertible. By 
assumption, <p y (f y ) — A = p y (f y — A), and this is invertible whenever A ^ f{y)- Let 
g = ip^(f). Since x is fc-rational, there is some A G k = xx(x) for which g x — A is 
not invertible, namely, A = g(x). Hence, ip*(f)(x) = g(x) = f(y). In particular, if 
f y G m Y , yi i.e. f(y) = 0, then <^ lt (/)(a;) = 0, i.e. p^^x G m x ,x- □ 

Remark 2.15. In the literature, morphisms of supermanifolds (to be defined below) 
are often not assumed to be local. Since supermanifolds are rational superspaces, 
the preceding proposition shows that the locality of morphisms of supermanifolds 
is automatic. However, in considering morphisms from more general superspaces 
to supermanifolds, it is more natural to assume locality, as we do. 

2.3. Weil thickenings. In this subsection, we introduce a construction called Weil 
thickening, which in its original form goes back to A. Weil [TT] , compare also Ref. [5] . 
It does not change the underlying topological space, but only the structure sheaf. 
Basic examples of superspaces arise by Weil thickening; moreover, it is useful for 
the infinitesimal study of morphisms. It has two ingredients, a superspace and a 
Weil superalgebra, which is a special type of local superalgebra. 

Definition 2.16 (Weil supcralgebras). Let k be a field. A Weil k-superalgebra 
is a finite-dimensional /c-superalgebra A with a graded nilpotent ideal m such that 
A = k © m. Any Weil superalgebra is a local superring, and m is the maximal 
(graded) ideal; it consists exactly of the nilpotent elements of A. The minimal h 
such that m h+1 = is called the girth of A. Equivalently, one may define Weil 
superalgebras as finite-dimensional local superalgebras (by Krull's theorem). 

Weil superalgebras are obtained by truncation of polynomial superalgebras. 

Example 2.17. Let A be a A:-superalgebra where char A; = 0. Then A is a Weil 
superalgebra if and only if A = k[x\, . . . , £fc|£i, • • • ,£e]/I for some graded ideal / 
such that 7 3 (x\, . . . , Xk,£i, ■ ■ ■ , £t) N , for some A^ > 0. In particular, /\(k q )* and 
k[e]/(e k+1 ) are Weil fc-superalgebras, of girth q and fc, respectively. 

The Weil thickening X A of a superspace A by a Weil algebra A is obtained 
simply by tensoring each ring of sections by A. It turns out that there is a canonical 
thickening X — > X A which is a closed embedding and admits a canonical retraction. 
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Construction 2.18 (Weil thickened superspaces). Let X be a fc-superspace. Given 
a Weil /c-superalgebra A = k © m^, form X A := (Xq, Ox <S> A), so 

(2.1) m X A, x = mx,x®A + Ox,x®m A - 

There is a canonical morphism j'j| : X — > X , given by j^ := idx , and 

,^ J := id Cx ® e : O^a = O x ® A ->■ O x ® fc = O x , 

where e : A — > k is the unique algebra morphism. It is clear that j x is a closed 
embedding, indeed, a thickening. There is a canonical retraction r^ : X — > X , 
given by r£ )0 := id^o and 

r x l := id 0x ® T) : O x = O x ® k -> O x a = O x A, 
where 77 : fc — > ^4 is the unique algebra morphism. 

By Proposition 12.41 r x : X A — > X can be combined with retractions of embed- 
dings of other superspaces into X. 

Proposition 2.19 (Retractability of Weil thickenings). Let jy ■ Y — > X be a 

retractable embedding of k-superspaces and A a Weil k- super algebra. Then X is 
retractable around Y. 

Weil thickenings can be reinterpreted as products with superspaces whose un- 
derlying topological space is a singleton. 

Proposition 2.20. Let A be a Weil k- super algebra, and let Spec A = (*,A). For 
any k-superspace X, X x Specj4 exists in SSp fe , and is given by X . Lf B is 
another Weil k-superalgebra, then Spec(yl ® B) = Specj4 x Speci?. 

Proof. Let Y be a fc-superspace. Then Hom(Y, Spec A) is the same as the set of all 
morphisms of fc-superalgebras tp* : A — > T(Oy). Consider the map 

Hom(y, X) x Hom(F, Spec A) -> Hom(Y, X A ) : (tp, ^) ^ (tp , tp* ^), 

given by (</?" ® ^){f ® a) = <p$(f) ■ ip^(a). It is clearly a natural bijection. This 
proves that X A = X x Spec A, and the second statement follows. □ 

Proposition 12.201 shows that j x : X — > X A = X x Spec A is just j x = (idx, *), 
where * — > Spec A is the canonical embedding. By the same token, the morphism 
r x : X A = X x Spec A — > X is just r x = px, the first projection. 

Remark 2. .21. In algebraic geometry, one defines Speci? for any commutative ring 
R to be the collection of prime ideals with the Zariski topology, endowed with the 
structure sheaf obtained by localisation of R. 

Note that for a Weil fc-superalgebra A any prime ideal is maximal, justifying our 
above definition. Indeed, let p be a prime ideal in A. We have A = k[x a ]/I for 
some set (x a ) of homogeneous indeterminates, and some ideal / containing (x a ) N 
for some N. Then p = q/I for some prime ideal q of k[x a ] containing /. This 
implies ifeq for all a, but since q is a radical ideal, it follows that q = (x a ), so 
that p = m-A- 



Using Proposition ^. 21 we obtain that for any finite girth embedding jy : Y — >• X 
the embedding j x ojy-.Y—t X A into a Weil thickening X A of X has finite girth. 
We can, however, do better and determine the girth of j x precisely. 

Proposition 2.22 (Girth of Weil thickenings). Let jy : Y — » X be an embedding 
of k-superspaces of girth q and A a Weil k-superalgebra of girth h. 

Then the embedding j := j x o jy : Y — > X A has girth q + h. In particular, 
X x Spec A — X has girth h around j x : X — > X . Similarly, if jy has countable 
girth, then so has j. 
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Proof. We may assume that jy '■ Y — > A is a closed embedding. The vanishing 
ideal of jx '■ X — > X A is simply Ox <8> tn, where m = v&a is the maximal ideal of A. 
Moreover, by definition of j x , we have 

j*(f <g> a) = jylf) • e(o) for all / <g> a g O x a(U) = O x (U) ® A. 

Since e(a) g fc and fc has no zero divisors, we have j*(f a) = if and only if 
3y(f) = or e(a) = 0. It follows that the vanishing ideal X of j is given by 

1 = 1 Y ®A + O x ®m 

where Xy is the vanishing ideal of jy : Y — > X. Next, we compute inductively that 

ji/ji+i = ®i =0 l Y /l i + 1 0m^/m J - i+1 , 

where we agree to write X° = Ox*, 1y = Ox, and m° = A. Therefore, the left 
hand side is zero if and only j > q + h. 

If j has countable girth, we argue similarly. Indeed, for N > h, we have 

so that J^ C 2£ r_h ® A. Let / g f]^ =1 l N (U). Choosing a /c-basis (a^) of A, we 
have a unique representation / — J2i fi ® a ^ where /^ g Ox(U). By the above, 
/f g n?^=i Zy(U) — 0, which proves our claim. □ 

2.4. Noetherian jet spaces and tidiness. In this subsection we introduce two 
regularity conditions, one for superspaces and one for embeddings of superspaces. 
Given a superspace X we define a ring of 'jets' for any x G Xo. If these rings 
are all Noetherian, the sections of the structure sheaf are not too far from being 
determined by their restrictions to infinitesimal normal neighborhoods of points. 

An embedding j : Y — > X of superspaces is called tidy if the restriction of y to 
the stalk at some point x G Jo(^o) is determined by the jets in a neighborhood of x 
in Jq(Yq). A superspace with Noetherian rings of jets for which the identity is tidy 
will be call a tidy superspace. The concept of tidiness will be instrumental in the 
description of superspaces in terms of coordinates. 

In this subsection we describe a number of general properties of tidy embeddings 
and superspaces, starting with some basic facts from commutative algebra which 
will help us to deal with finiteness properties of the jet spaces. 

Let R be a local supercommutativc superring with maximal ideal m. We denote 
by m°° :— HaLi mN tne Whitney ideal of the superspace (*, R). 

Proposition 2.23 (Krull's theorem). Assume that i?/m°° is Noetherian. For any 
graded ideal I C R, we have m°° + I = HjvLi ( mN + -0- 

Proof. Since R/m 00 is local and Noetherian, so is the superring S := R/(I + m°°). 
The maximal ideal of S is n :— m/(m°° + I). Since S is Noetherian, n°° is finitely 
generated, and n • n°° = n°°. Hence, by the Nakayama Lemma, n°° = 0. But then 
HaLi (m N + I) = m°° + 1, as desired. □ 

Definition 2.24 (Noetherian jet spaces). Let A be a superspace. If Ox.x/^x x 1S 
Noetherian for all x G Ao , then we say that A has Noetherian jet spaces. 

The property of having Noetherian jet spaces is stable under Weil thickenings. 

Lemma 2.25. Let A be a Weil k-superalgebra and X a k-superspace with Noether- 
ian jet spaces. Then X has Noetherian jet spaces. 

Proof. Clearly, mx^. x contains m^j (g> k, so vx^ A x contains m^? x fc, so there is a 
surjective homomorphism Ox,x/^x x <3 A -^ O x a ;2 ./m^' A . The left hand side is 
finitely generated over the Noetherian ring Ox.x/^x u so IS Noetherian itself. □ 
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Definition 2.26 (Tidiness). Let j : Y — » X be an embedding of superspaces 
with vanishing ideal X. We say that j is tidy if for any x G Jo(Yq), anv open 
neighbourhood U C Xo of x, and any / G Qx(U), the following holds: 

(VyeC/nj (>o):/yem^+Z y ) =* / x € l x . 

We say that X is tzrfj/ if X has Noetherian jet spaces and idx is a tidy embedding. 
If X has Noetherian jet spaces, then X is tidy if and only if X has countable girth. 

Remark 2.27 '. Now assume that X has Noetherian jet spaces and let j : Y — > X be 
an embedding of vanishing ideal X. Then j is tidy if and only if for any x G io(^o)i 
any open neighbourhood U C Xq of x, and any / G Ox(U), the following holds: 



This follows immediately from Proposition 12.231 



(VyeUH jo(Y ), JV G N : /„ G m^ + l y ) =► / a G X,. 



Proposition 2.28 (Tidiness of Weil thickenings). Let I ie a tidy k-superspace 
and A a Weil k- super algebra. Then X is tidy. 

Proof. By Proposition 12.221 the Weil thickening X A has countable girth, and by 
Lemma 12.251 it has Noetherian jet spaces. □ 

By definition, if idx : X — >• X is tidy, then X has countable girth. At least if X 
has Noetherian jet spaces, the same conclusion holds for all tidy embeddings. 

Proposition 2.29 (Tidiness of subspaces). Let X be a superspace and j : Y — ► X 
a tidy embedding. If X has Noetherian jet spaces, then Y is tidy. 

In the proof we first notice the following. 

Lemma 2.30. If j :Y — >• X is a not necessarily tidy embedding of superspaces and 
X has Noetherian jet spaces, then so has Y . 

Proof. Observe simply that for x = jo(y), the surjection Ox,x —> ^Y, y /^Y y m " 
duced by j" factors through the Noetherian superring Ox,x/^x x - ^ 

Proof of Proposition^^ Let / G N$>(V), where V = j l {U), U C X being 
open. Passing to an open cover, we may assume that / = j$(g) for some g G Ox{U). 
Let y G V and x := jo{y). Since j" is a surjective sheaf map, my.y — j^(ttix,x)- 
For any N, we have f v G rriy . Hence, there are finitely many gp- n G xnx,x, k — 
1,...,N, such that f y = j^ (Y^ n g Ul ■ ■ ■ g Nn ) . So for h := g x - J2 n g\ n ■ • • 9Nn, we 
have j*(h) = 0, i.e. h G I x . Thus, g x G C\°N=i{ mI x x +Xr). Since x was arbitrary, 
it follows that g x G X x for all x G U D Jo(^o)- Hence, / = i"(<?) = 0. Therefore, 
V has countable girth. To see that it has Noetherian jet spaces, we invoke Lem- 
ma |2~3T)1 □ 

Corollary 2.31. Let X have Noetherian jet spaces and j : Y — > X be an open 
embedding. Then j is tidy if and only if j(Y) is tidy. 

Proposition 2.32 (Preservation of tidiness). Let j : Z — > Y and i : Y — >• X be 

embeddings, and Y have Noetherian jet spaces. If j is tidy, then so is i o j. 

Proof. Denote the vanishing ideals of i, j and k := ioj by X, J and JC, respectively. 
Let U C X be open, V := i^{U), and W := Jo\V). Consider / G O x (U) and 
z G W. We put y := jo(z) and x := «o(y). 

We assume that for all u := «o( u ), w : = jo(w), w G W, and all N G N, we have 

/« e m i« + ^«- Then there is ff e m i« such that i" W« - ff)) = ^(/u - 9) = o, 

so that «"(/)„ G «"(g) + ker j\ C ray„ + J^,. Because F has Noetherian jet spaces 
by Proposition 12.291 and v, N were arbitrary, we find v(f) y G J y , thanks to the 
tidyness of i. This gives fc"(/ x ) = jH^(f)y) = 0> *- e - /a e ^-x, so that fc is tidy. D 
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Corollary 2.33. Any embedding of a tidy superspace is tidy. 

Proof. Apply Proposition 12.321 with Z — Y and j = idy . □ 

Proposition 2.34 (Existence of tidying). Let X be a superspace with Noetherian 
jet spaces. There is a closed embedding t : A° — > X such that X° is tidy, satisfying 
the following universal property: Whenever p : Y — > X is a morphism, where Y 
has countable girth, there is a unique morphism tp° : Y — > X° such that tp = to tp° . 

Proof. Define the superspace X° := (X , O x °) by O x ° ■= Ox/N'x- The definition 
of the embedding t : X° — > X is obvious. Clearly, t is tidy, so that X° is tidy, by 
Proposition 03 

Let tp : Y — > X be a morphism, where Y has countable girth. Let V C Yq be 
open, and / a local section of Ox defined on a neighbourhood U of po(V). Assume 
that for any y <E V, x := tp (y), we have f x 6 mf r Then (p'C/Ox = ^"(/x) G mf? r 
Because y was arbitrary and Y has countable girth, tp^(f) = 0, and <y9 factors 
uniquely through t to a morphism tp° : Y — > X°. D 

Definition 2.35 (Tidying). The morphism t : X° — )• X and the space X° con- 
structed in Proposition 12.341 are called the tidying of X. They are unique up to 
canonical isomorphism. 

Lemma 2.36. Let X be a superspace with Noetherian jet spaces and U C X be an 
open subspace. Then U° is an open subspace of X°. 

Proof. This is obvious by construction. Indeed, Uq = (U°)o is open in Xq = (A°)o 
and Ouo = Oxluo/^xlua = {O x /N%)\ Uo = O x °\u a - □ 

Proposition 2.37 (Equalisers of tidy superspaces). Equalisers exist in the category 
of locally Hausdorff tidy superspaces, and they are tidy embeddings. 

Proof. Let </>, ip : X — >• Y be morphisms where Yq is locally Hausdorff and X 
has Noetherian jet spaces. Form Zq := {x E Xq | <f>o( x ) — ^o( a; )}- This is a locally 
closed subset of Xo because the diagonal of Yq is locally closed. We let jo : Zq — > Xq 
be the embedding and set Oz '■= Jq 1 Ox\u/I where U C X is largest open subset in 
which Zo is closed and T is the ideal generated by im(0" — V )■ Then Z := (Zo, O^) 
is a superspace and there is a canonical embedding j : Z — > X such that <j>oj — ipoj. 
Since X has Noetherian jet spaces, so does Z, by Lemma [2.301 

Let t : Z° — > Z be the tidying of Z, so that Z° is tidy, and j° := j o t is a tidy 
embedding, by Corollary 12.331 Clearly, <f) o j° = ip o f . Moreover, if Xq is locally 
Hausdorff, then so is Zq, since jo is an embedding. 

Now, let W have countable girth and ip : W — > X be a morphism such that 
<j> o (p — t/j o p. Then y"(Z) = 0, so that <p factors uniquely through j. Since 
W has countable girth, ip even factors uniquely through j°, by virtue of Proposi- 
tion 12.341 to a morphism p° : W — >• Z° . Let g : W — >• Z° be another morphism 
with f o g = p = f o p° . Seeing that j° is an embedding and so a monomorphism 
of superspaces, we find that g = <p°. □ 

Proposition 2.38 (Equalisers of open subspaces). Let </>, ^ : A — >• K be morphisms 
of locally Hausdorff tidy superspaces with equaliser tp : Z — >• A. Lei [/ C X and 
V" C Y be open subspaces with U C 0~ 1 (V r ) n ip~ 1 (V). Then the equaliser of 
<fi\u,ip\xj : U -^- V is an open subspace of Z . 

Proof. Let W := </? — {U) and </?|iy :W^U the morphism induced by </?. In view 
of Corollary 12.311 W is tidy, and it is certainly locally Hausdorff. We claim that 
tp\w '■ W — >• U is the equaliser of <j>\u and V'la- 

Let £i : S — >• C/ be a morphism where W is locally Hausdorff and tidy and 
4>\u ° Q = ^u ° Q- Suppose that a := jy o g factors uniquely through ip : Z — >• X 
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to a morphism a' : S ->■ Z. Then <p (a' (S )) = a(S ) C U , so a'(S ) Q W , 
and a' factors uniquely through jw '■ W — > Z to a morphism g' : S — > W. Thus, 
ju ° f\w o g' = (p o j w ° Q 1 = <y = ju ° Qi so that <p|w o g' = g. If g" : 5 — > W is 
another such morphism, then g' = g" , because <p\w is an embedding. □ 



3. MORPHISMS AND LOCAL COORDINATES 

This section is devoted to the study of the question to which extent morphisms 
with range in a supermanifold may be given a coordinate description. We adress this 
matter by introducing the concept of Leites regularity. It depends on parameters, 
which indicate whether the supermanifolds in question are smooth, real or complex 
analytic, and whether their functions take real or complex values. 



3.1. Premanifolds. In this section, we introduce (pre)manifolds in the traditional 
manner, using atlases. Then we show how to view them as superspaces. Finally, 
we state the classical Hadamard lemma, which is instrumental in introducing coor- 
dinates into the study of superspaces. 

Applications show that it is necessary to consider, apart from cases of the real and 
complex supermanifolds, superspaces which have the mixed structure of a complex 
sheaf of superfunctions and an underlying real manifold as their body. Therefor, 
we will from the very beginning work with a pair (K, k) of fields, where kCK are 
both either RorC. 

Definition 3.1 (k-premanifolds). Let vj — oo,oj and Xq a topological space. A k- 
atlas of class C ro is an open cover (Ui) of A"o, together with topological embeddings 
4>i : Ui — > k Pi such that for any i,j, 

<f>ij : = <f>i°<f>J ■ Uji := (j)j(Ui tlUj) -> Uij 

is smooth (for vd — oo) or analytic (for w = lj). Two atlases are called equivalent 
if their union is an atlas. 

Endowed with an equivalence class of k-atlases of class C ro , Xq is called a k- 
premanifold of class C CT . If in addition, Xq is Hausdorff, then it is called a manifold. 

A continuous map ipo : Xq — > Yq of k-premanifolds of class C ro is called of class 
C ro (resp. smooth for w = oo, resp. analytic for vj = uS), if there exist atlases 
(Ui,(j>i), (Vi 7 ipi) of Xq resp. Yq such that ^{Ui) C Vi and tfti o ip o (p~ is smooth 
(for w = oo) resp. analytic (for w = w). 

A map ifo : Xq — > Yq of class C ro is called an open embedding if ipo induces a 
homeomorphism Xq — > lpq(Xq), endowed with the relative topology from Yq, and 
in addition, lpq{Xq) is open in Yq. In this case, <po is an open map; in fact, it will 
turn that the open embeddings in this sense coincide with those previously defined, 
v. Corollary 14.31 



We view premanifolds as superspaces for which we impose the regularity con- 
ditions and the options for the underlying fields mentioned in the introduction. 
Accordingly we consider five different classes of premanifolds. 

Definition 3.2 (Premanifolds over (K, k)). Let w = oo,o; and Xq a k-premanifold 
of class C ro . We let Ox be the sheaf of commutative EC-algcbras of K- valued func- 
tions of class C 137 on Xq. The five possibilities are summarised in the following 
table: 
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type of manifold 


K 


k 


tu 


O x 


real smooth or C°° 


R 


R 


oo 


R- valued smooth functions 


real analytic or C" 


R 


R 


CJ 


R-valued real analytic functions 


c 


C 


R 


oo 


C- valued smooth functions 


c analytic 


C 


R 


UJ 


C- valued real analytic functions 


complex analytic 


C 


C 


UJ 


complex analytic functions 



The pair X := (X , Ox) will be called a (pre)manifold over (K, k) of class C ro . 
In the case 07 = 00 resp. vj — u, we say that X is smooth resp. analytic. We 
also say that X is a (pre)manifold of the type specified in the table. For instance, 
if (K, k) = (C, R) and w = to, we say that X is c analytic. Accordingly, the 
c (pre) manifolds are ordinary smooth (pre)manifolds, endowed with the sheaf of 
complex-valued smooth functions. 

The following lemma, which is immediate from the definitions, shows that the 
premanifolds from Definition 13.21 are superspaces. 

Lemma 3.3. Let X be a premanifold over (K, k) and x G Xq. Then Ox,x is 
local and the maximal ideal mx,x consists of the germs of functions vanishing at x. 
Hence, X is a reduced ¥L-rational K-superspace of girth 0; the morphisms of super- 
ringed spaces associated with maps of class C ro are morphisms of K- superspaces. 

The K-superspace X = (Xq, Ox) is called the K- super space associated with Xq. 
Any such K-superspace will be called a premanifold over (K, k) (of class C ra ), and 
a manifold over (K, k) (of class C ro ) if Xq is a manifold (i.e. Hausdorff). 

With any map ipo : Xq — > Yq of C ro of k-premanifolds of class C ra , we may 
associate a morphism <p = (<po,ip$) : X — » Y of the associated K-superspaces, by 
fHf) '■— f ° fo for all / G Oy(U), U C Y open. This obviously defines a functor. 

Finally, we turn to the Hadamard lemma. It is valid in each of our five categories 
of premanifolds. To have an efficient formulation, we simply write A p for the space 
k p together with the sheaf Oap of K- valued functions of class C ro , and view it as a 
manifold over (K, k) of class C ro . 

Recall from Definition 12.111 that for any K-superspace X the sheaf of k- valued 
superfunctions on X is denoted by Ox,\- 

Proposition 3.4 (Hadamard lemma). Let U C A p be open. Consider functions 
/i> • • • ) fn S OAp,t{U), and set Y := n?=i -/T (^)- Assume that the derivatives 
dfi(x)...,df n (x) are linearly independent at any x G Y. Then any point of Y 
possesses an open neighbourhood V C U such that every g G Oap(V), g(VnY) = 0, 
admits a representation g — Y^=i fj9j f or some gj G 0&p(V). Moreover, we 
may choose V such that there are C ro functions / ra +i, ■ ■ ■ , f P on V , for which f = 
(/1, . . . , f p ) is a C ro diffeomorphism onto its open image. 

The following three corollaries of the Hadamard lemma describe the algebraic 
nature of the sheaf Oap . 



Corollary 3.5. Assume the conditions of Proposition [X^j Take x G Y, and fix 
/n+l,..-,/p as in the proposition. There is an open neighbourhood V C U of x 
such that for every g G Oap(V) and any N ^ 0, there is a unique polynomial 
P = J2 a Pa(fn+i, ■ ■ . , f p ) ■ T a of degree < N in T\, . . . ,T„, with coefficients of 
class C ro , such that g - P(f 1 , ...,/„) G ly (V) N+1 , where 

I Y (V) :={heO AP (V) I h(VDY)=0}. 

The following two special cases will be of particular importance. 
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Corollary 3.6 (Pointwise Hadamard lemma). Let igAj and / G Oap.x- For any 
N Js 0, there is a unique P G K[Ti, . . . , T p ], degP ^ N , such that 

f - P(t - X ) = f - P(ti - xi, . . . ,t p - Xp) G m^ 1 , 

where t — (ti, . . . , t p ) is the identity of Ag. 

Corollary 3.7 (Diagonal Hadamard lemma). Let A : A p — > A 2p be the morphism 
associated with the diagonal map. Then A is a closed embedding and its ideal 
X C A 2 P is generated by the sections x 3 ; — yj, j = 1, . . . ,p. 

3.2. Leites regularity. In this subsection, we introduce affine superspace, which 
is the local model for supcrmanifolds. Afhne superspace carries a canonical system 
of 'coordinate' functions. A natural question is to which extent morphisms to amne 
superspace are determined by their action on these coordinate functions. This leads 
to the concept of Leites regularity of superspaces. As we shall see in the following, 
this gives rise to a remarkably robust and versatile category. 

Definition 3.8 (Standard afhne superspace). In what follows, we fix the fields K, 
k and w — oo, u>. We will write A p \ q for the K-superspace A p x Spec /\(K 9 )* , where 
A p is the K-superspace associated with the k- manifold k p of class C ro , and the 
Weil superalgebra /\(K 9 )* = K[#i, . . . , 9 q ] is the supercommutative K-superalgcbra 
freely generated on q odd generators. We call this the affine superspace of dimension 
p\q (of class C ro over (K,k)). 

Note that A p '° coincides with A p , as introduced in the previous subsection. 

Notation 3.9 (Standard coordinate functions). We denote the standard coordi- 
nate functions on A p by t\, . . . , t p . Furthermore, we let 6\, . . . , 9 q be the standard 
generators of /\(K 9 )* = K[6*i, . . . , 6 q ], considered as sections of O A0 \ q . We use the 
same letters if £,, 9j are considered as sections of &P \ q . 

We abbreviate the tuple (ti,...,t p ,6i,..., 6 q ) by (t, 6). Sometimes, we will not 
wish to distinguish explicitly between even and odd members of (£, 9). In this case, 
we will write the standard coordinates t = (t a ) where a = 1, . . . ,p + q, and we will 
not impose any particular order on the even and odd members of t. We will say 
that t = (t a ) is in standard order if \x a \ = for all a $J p and \x a \ = 1 for all a > p. 

On any open U C Aq = Ag, every g G AP \ q (U) has a unique expression 



• • • 9i 



(3.1) 9 = ^2 giQl wherc 0l ;= 9%i 
for / = (1 ^ i\ < • ■ ■ < ife ^ q) and gi G AP (U). In particular, the 9j allow us to 
consider Cap Q AP \ q in a distinguished fashion. 

The idea behind the Leites regularity of a K-superspace is to guarantee that a 
morphism to a standard affine superspace is completely determined by the pullbacks 
of the standard coordinates under the morphism. It turns out that it is sufficient 
to demand this for the even standard coordinates. 

In what follows, for given K-superspaces X and 5, we write 

X(S) :=Rom(S,X) 
for the set of morphisms S — > X in the category SSp K . 

Definition 3.10 (Leites regularity and subregularity) . We say that a K-superspace 
X is (Leites) regular (of class C ro over (K, k)) if for any open subspace U C X, and 
any p, the map 

(3.2) A p (U) = Rom(U,A p ) -4 F(O^g) : <P * {^(h), ..., p» (**)). 

where tj are the coordinate functions on A p , is bijective. If these maps are all 
merely injective, then we say that X is (Leites) subregular. 
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We denote the full subcategory of SSp K whose objects are the regular super- 
spaces of class C ro over (K, k) by SSp^ k . Notice that A p is not the p-fold product 
of A 1 in SSp K , so that we are obliged to work with A p . It will turn out that A p is 
the p-fold product of A 1 in the subcategory of Leites regular superspaces. 

The following lemma shows that for Leites regular superspaces, morphisms to 
afiine superspace are indeed completely described by their tuples of 'component' 
superfunctions. In fact, it shows that the category of Leites regular superspaces 
is the largest subcategory of SSp K in which Leites's morphism theorem holds: 
Morphisms to A p ' q are in bijection with tuples of 'component' superfunctions. 

Lemma 3.11. Let X be a Leites regular superspace. The following natural map is 
a bijection, for any non-negative integers p and q, 

A^(X) -> T(O xx - o r x T(O x ,i) q 

v ^(^{t l ),...,^{t p ) 1 ^(e l ),...,^(e q )). 

Proof. Since A p \ q = A p l° x A ' 9 and the statement holds for q = by definition, 
it is sufficient to prove it for p = 0. Observe that r(O A0 |,) = K[#i, . . . , 9 q ] is the 
free supercommutative algebra generated by the odd indeterminates 9i. Hence, the 
underlying map of any morphism tp : X — > A ' 9 necessarily is the constant map 
X Q ^*= (A°l«) 0l and^(P) = P(<^(0i), . . . ,<p*(6 q )) for any P € K[0i, . . . ,9 q ]. 

a 

As we will see, the affine superspace A p ' q is Leites regular. This is not hard 
to prove, but we derive it from more general statements below (Proposition 14.11 
and Corollary I4.14[) . Once it has been established, Lemma 13.111 shows that in the 
category of Leites regular K-superspaces, we have A p+r ^ q+s = A p \ q x A r ' s . 

Definition 3.12 (Charts and coordinate systems). Let X be a superspace. A local 
chart is an open embedding of K-superspaces ip : U — > A p ' q where U C X is an 
open subspace. We say that p is defined on U. If p is defined on X, then we call 
p a global chart. The tuple p\q is called the (graded) dimension of p. 
Let p> be a local chart. Then the tuple 

(s,0 :=( Xl ,...,x p ,h,.. .,£ q ) := ( V »(ti), . . . , ^(tp), ^i), ■■■, V>K6<i)) 

is called a system of local coordinates (defined on U). If p is a global chart, we say 
that (x, £) is a system of global coordinates. 

Note that K-superspaces admitting enough charts to cover the underlying topo- 
logical space are automatically Leites regular. Thus, in view of Lemma f3. Ill charts 
and coordinate systems are in bijection. We may and will also call p\q the (graded) 
dimension of (#,£). 

Occasionally, we will not wish to distinguish in our notation between even and 
odd members of a system of local coordinates. In this case, we will instead write 
x = (x a ) where x a := p$(t a ), a — 1, . . . ,p + q. We will say that x = (x a ) is in 
standard order if in its definition, (t a ) is in standard order. 

In view of Equation (|3.ip . given a system of local coordinates (x, £) defined on 
X\u, any / £ Ox(U) has a unique representation 

(3.3) f = J2jf^ where z'-Sii—Zi* 

and fi — X*{gi) for some gj £ Oap(po(U)) where x denotes also the morphism 
X\u — > A p defined by X^{ti) = Xi. Observe that the // are not local sections of 
Ox ', rather, they are even local sections of Ox- 
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Although it is justifiable to write // = gi(x\, . . . ,x p ), we will avoid this nota- 
tion since it is prone to provoke the misunderstanding that the // are 'ordinary 
functions'. 

Example 3.13. The standard coordinate system it, 6) on A p ' 9 is a global system of 
coordinates and so is its restriction to any open subspace. 

At this point it would be possible to introduce supermanifolds of class C ro over 
(K, k) as superspaces which are covered by open subsets admitting global charts. 
The reason we postpone this is that at the moment we do not have the tools 
available to also define relative supermanifolds. This will be possible once we have 
a good understanding of the category of Leites regular K-superspaces and its full 
subcategory of locally finitely generated K-superspaces (see Section I4.3[) . 

As the following proposition shows, in the framework of Leites regular super- 
spaces, morphisms admit a simple description in terms of coordinates. 

Proposition 3.14 (Morphisms vs. coordinates). Let X and Y be Leites regular K- 
superspaces of class C ro over (K, k), y = (y a ) a global coordinate system in standard 
order on Y. and p\q the graded dimension ofY. Then the map 

Y(X) 4{ I6 T(O x )l x T(Ox)\ | x(X ) C y(Y )} : <p -> p«(„) 

is a bijection. Here, x(Xq) — and similarly, y(Yo) — stands for the set 

x(X ):={(xi(o),...,x p (o)) | oe X } C Ag. 

Proof. The coordinate system is given by y = ip^(t) for a unique global chart 
ip : Y -> A*, and ip is an open embedding. Let x e T{O x % X T{O x )\ such that 
x(Xq) Q y(Yo). Since Y is Leites regular, there exists by Lemma 13.111 a unique 
morphism g : X — )• A p ^ q such that x = (fi(t). 

The condition x(Xq) C y(Yo) guarantees that g factors uniquely through ip to a 
morphism a : X — > Y, by Proposition 1 1.1 21 In particular, <r*(y) = Q*(t) — x. The 
proof of the converse statement is similar. □ 

Observe that the sets x{Xq) and y(Yo) in the statement of Proposition 13. 141 are 
contained in Aq = k p (and not only in W). 

Definition 3.15 (Mapping condition). Let X and Y be regular K-superspaces. 
Given x = (x a ) G T(Ox) p+q and a global coordinate system y = (y a ) of Y such 
that |jb | = \ya\ f° r a ll °j the condition 

(3.4) x(X ) C y(Y ) 

from Proposition 13. 141 is called the mapping condition on x and y. 

Proposition 13.141 admits an obvious modification for coordinate systems not in 
standard order. We will use it in this more general form without further notice. 

3.3. Morphisms with non-standard affine target. Sometimes, it is useful to 
study the affine superspaces A p \ q independent of coordinates. In this subsection, we 
digress briefly to show how this can be accomplished in full generality. The basis 
for this is given by the following definition. 

Definition 3.16 (Super-vector spaces over (K, k)). Let V = Vq © Vj be a finite- 
dimensional super- vector space over k, together with a fixed K-structure on Vj . Wc 
call V a (K, k) -super-vector space. For super- vector spaces V, W over (K, k), we set 

HomifjV, W) := (Hom k (% W~ ) © Hom K (V r I , W-,)) 

© (Hom k (% Wi) © Hom k (Vi, Wq)), 
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with the obvious Ik-structure on the even part and the K-structure on the odd part 
obtained by acting on W\ in the range and on V\ in the argument. 
In particular, we obtain the dual super-vector space over (K, Ik) 

V* := Hom K t ( V, k) = Hom t {Vq, k) © Hom K (V, , K) . 

Here, we use the K-structures on V\ and Homk(Vi)k) to identify the latter canoni- 
cally with HomuiVi , K). The even part of Hom Kik(V, W) is denoted by HoniK j k(V', W), 
and its elements are called morphisms of (K, k) -super-vector spaces. We also set 

V W := (Vb ©k Wq © T4 K Wi) © (Vq k Wi © V"i k W 5 ), 

with the obvious k- resp. K-structure on the even resp. odd part. 

Lemma 3.17. With the above definitions, finite- dimensional super-vector spaces 
over (K, k) form a symmetric monoidal closed category. 

Proof. Let U,V,W be finite-dimensional super- vector spaces over (K, k). We have 
the equations 

Rom k (U n ® k Vg, Wq) = Hom k ([/ , Hom k (V , W 5 )), 
Hom k (C/i ® K Vi, W 6 ) = Hom K (l7 I ,Hom k (F I , Wq)), 
Rom K (U- © k Vi, Wf) = Hom k ([/o,Hom K (Fi, W f )), 
Hom K (f7i © k Vq, Wj) = Hom K (f7 I ,Hom k (Fo, Wj)). 
It follows that there is a natural bijection 

Hom K , k ([/ V, W) = Hom K , ls (J7, Horri K ik (y, W)). 

From this it follows that the operation © is symmetric and associative. Since 
HomK, k (k, U) =Uq, it follows that 

Hom K;k (k U,V) = Hom K , k (k, Hom K , k (f7, V)) = Hom K i(C/, V). 

Hence, k is a tensor unit for 0, and the assertion follows. □ 

Construction 3.18 (Affinc superspace of a super-vector space). Let Fbea (IK, k)- 
super vector space. The vector space Vq may be considered as a k-prcmanifold. We 
will denote the associated premanifold over (K, k) by the same letter. Let V be the 
K-superspace Vq x Spec/\(Vj)*. We call this the affine superspace of V. So the 
reduced space Vq of V is the premanifold over (K, k) given by Vq . The dual V* is 
contained in T(Ov,\). 

To state promised coordinate- free descriptions of morphisms with an affine target 
cleanly, the following concepts prove useful. 

Definition 3.19 (O^k-niodules). L e |; x be a K-superspace. Recall the sheaf Ox.t 
of k- valued superfunctions, where Ox,k(U) C Ox(U) is defined by the condition 
f(x) £ k for all x G U, for U C Xq. It is a sheaf of algebras in the symmetric 
monoidal category of super- vector spaces over (K, k) . 

An Ox,k~fnodule is a sheaf M with values in the category of super- vector spaces 
over (K, k), which is a graded Ox,k-niodule. One has an obvious notion of morphism 
ofOxx-modules M. — V TV. The set of all these will be denoted by Romo xt (M,Af). 
If (p : Y — > X is a morphism of K-supcrspaces and M. is an (Ox,k)-module, then 

y*M := 0y,k %-i 0xjk Vo lM 
naturally carries the structure of an O^k-niodulc. 
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Construction 3.20 (Free Ox ^-modules). Let X be a IK-superspace and V a finite- 
dimensional (IK, k)-super-vector space. Let Ox,t ® V be the tensor product in the 
category of super- vector spaces over (IK, k). This is an £>x,k-niodule. Similarly, 
define Homn ci-fV, Ox,k) in the category of super- vector spaces over (K, k). Its even 
part is denoted by Hom Kik (V, O x ,k)- 

An 0x,k-module V is called free if it is isomorphic to Ox ® V, for some finite- 
dimensional (IK, k)-super-vector space V. It is called locally free if Xq admits an 
open cover, the restrictions of V to the constituents of which are free. 

We have the following canonical isomorphism of 0x,k-modules, 

Eom&, k (V,Ox, k )^O x , k ®V*. 
In particular, Homi tfK Ox,k) is a free Ojfi-module. 

With the help of this terminology, we can now give a coordinate-free description 
of morphisms with affine target. 

Corollary 3.21. Let X be a regular WL-superspace and V a (K,h)-super-vector 
space. Let V also denote the associated affine superspace. Then there is a bijection 

V(X) > T(E.om. K>k (V*,Ox, k )) = T((Ox± <8> V)- ) 

which is natural in X and V . Under this map, 

Vq(X) *r(Kom k (V£,O x ,k,o)) =T{Ox,k,o®kV 5 ), 

V i (X)=r(Kom K (V* 1 Ox,-i))=r(Ox,- 1 ®KV i ). 

More generally, for each open subspace U C.V , there is a natural bijection 

U(X) = {/ e T(Rom KM (V*,O x ±)) | Vx e X 3u e U : /(■)(&) = (.,«>} 

= {/ = Eifi ®Vi€ T((O x ± (8) V)- ) \VxeX a 3ueU :u = X)i/i («)«<} 

Here, (•, •} denotes the canonical pairing ofV* andV. 

4. Singular superspaces and relative supermanifolds 

This section contains our main results. Firstly, we show that Leites regularity 
of superspaces is preserved under colimits and also under the passage to subspaces 
and thickenings, at least if they are subregular. We then construct the subcategory 
of locally finitely generated superspaces. These admit finite limits, and are stable 
both under passage to tidy subspaces and Weil thickenings. 

Thus, within the category of locally finitely generated superspaces, we may con- 
struct the category of relative supermanifolds over a possibly singular base. This 
also provides a natural framework for the study of Weil functors, which give a uni- 
form description of such natural geometric objects as the even and odd tangent 
bundle and higher order versions of these. 

4.1. Constructions of Leites regular superspaces. So far, we have established 
that Leites regularity is a desirable property for K-superspaces. However, we have 
not given any examples of superspaces with this property. In this subsection, we 
will derive a number of stability results that will furnish a generous supply. 

We start by showing that premanifolds are Leites regular. Next, we show that 
Leites regularity is stable under colimits. Moreover, we investigate to which extent 
it is preserved under taking subspaces and thickenings, for example, Weil thicken- 
ings. 

For the sake of brevity, from now on, we will drop the prefix 'Leites' and just 
speak of 'regular' resp. 'subregular' superspaces. 

Proposition 4.1 (Regularity of premanifolds). Let X be a premanifold over (K, k) . 
Then X is regular. In particular, A p is regular. 
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For the proof, we make the following observation, which is of independent inter- 
est. 

Lemma 4.2. Any ¥L-superspace of countable girth is subregular. 

Proof. Let X have countable girth and let morphisms p, ip : X — >■ A p be given such 
that (p*(tj) = fj = ipt(tj). Then 

MM*)) = Jx <pHtj)(x) = Ay (t,)(z) - tjiMx)) 

for any x € Xq and j = 1, . . . ,p, so that </jq = ipo- 

Let / be a local section of Cap- Let JV £ N and x € A'o be arbitrary, and 
consider the point y :— <po{x) — ipo(x). By Corollary 13.61 there is a polynomial 
P G K[ti -y 1 ,...,t p -y p ] such that (/ - P) y e m^+J. Then 

¥>*(/)« - ^(/)* = ^ 8 (/ - P)* - ^(f - P)* g m£+ x . 

Since x and AT were arbitrary, we conclude that </?"(/) — ifrHf) are l° ca l sections of 
A/^ 5 , which vanishes by assumption. It follows that y"(/) = ipHf)- '-' 

Proof of Proposition \4-l] Given functions f\,...,f p £ r(0ji), there is a unique 
premanifold map ipo : A'o — > k p of class C ro with components tj o p Q — fj. The 
associated morphism ip : X — > A p (compare the remarks following Lemma I3.3[) 
satisfies p*{tj) = fj, proving surjectivity. All open subspaces of A" are premanifolds, 
so Lemma l4~2l implies the claim. □ 



Corollary 4.3. Consider the functor which sends a h-premanifold of class C ro to its 
associated ~K- super space. It maps open embeddings of premanifolds to open erabed- 
dings of 'K- super spaces, is fully faithful, and its image consists of the premanifolds 
over (K,k) of class C™ . 

Proof. Let ipo : Xq — > Yq be a manifold map of class C ro which is an open embedding 
of topological spaces. Then the associated morphism <p : X — > Y is an open 
embedding of K-superspaces. Hence, the statement follows from Proposition 11.201 
and Proposition 14. II □ 



The category of regular superspaces is quite robust. 



Proposition 4.4 (Colimits of regular superspaces). The full subcategory of SSp K 
of regular (resp. subregular) "K-superspaces is cocomplete. 

Proof. Let I be a small category, F : I — > SSp K a functor, and X = km F in SSp K 
(y. Proposition II. 15)1 . Denote the canonical morphisms F(i) — ► X by ji. Assume 
that F takes values in subregular superspaces. Let p, ip : X — > A p be morphisms 
such that fk'-=^{tk)=^{tk), k = I,..., p. For any i, we form p k := jf(f k )- 
Then (pojj)»(ij.) = /£ = (-0 o ji)*(tk), k = l,...,p, so by assumption, we have 
<p o j i — ip o j i . Since i was arbitrary, this shows p = ip, so X is subregular. 

Assume now that F even takes values in regular superspaces, fix even super- 
functions /i, . . . , f p G T(O x k o)> an d form f\, as above. By assumption, there are 
unique pi : F(i) — > A p such that p\{tk) — /£, k — 1, . . . ,p. For any \ '■ i ~* i' m I, 
we have 

F(x)Hfk) = (Ji'oF( X ))Htk)=j!(t k )=rk 
By the uniqueness, this implies </?,/ o F(x) = Vi-, so there exists a unique morphism 
ip : X — > A p such that p o ji — Pi for all i. Then jf(p^(tk)) = p\{tk) = fl for any 
i. This implies p*(tk) — fk, k = 1, .. . ,p, in view of Remark ll.161 D 

In particular, one may consider infinite versions of the affine superspaces A p . 
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Notation 4.5 (Infinite affine superspace A°°). For any integers p' > p Js 0, let 

jp'p : A p — > A p be the morphism induced by the map x h-> (x, p <_ p ). Then the 
family (A p ,j p i p ) is an inductive system of K-superspaces. Let A°° denote its colimit. 
By Proposition 14.41 A°° is a regular superspace, and by Remark 11.161 there is 
an infinite sequence t\,ti,... E r(0A°°,k) of coordinate functions. It is determined 
by A(tj) — tj for all j ^ p, where j p : A p —> A°° are the natural morphisms. 



The proof of the following lemma is similar to that of Proposition 14.41 

Lemma 4.6. Let X be a K- superspace. Then X is regular (resp. subregular) if 
and only if for each open subspace U C X, the following natural map is bijective 
(resp. infective): 

oo 

(4.1) A°°(J7) -► J] T(O ux0 ) : <p ^ fo>»(ti), <p*(t 2 ), ...). 

k=l 

We now derive an explicit description of the infinitesimal normal neighbourhoods 
of the diagonal of A p . 

Notation 4.7. Let peN and A : A p — > A 2p be the diagonal morphism. Denote 
by (A p )£ , for neNUoo, the infinitesimal normal neighbourhood of order n of A p 
with respect to A. 

Let J p denote the Weil algebra K[T U . . . , T P ]/(T U . . . , T p ) n+1 for neN, and let 
JP, = K[Ti, . . . , T p \ be the corresponding projective limit. Here, Kpi, . . . , T p \ is 
the K-algebra of formal power series in the algebraically independent indeterminates 
Tj. We call J p , J^, Ehresmann jet algebras. 

Proposition 4.8 (Infinitesimal neighbourhoods of the diagonal). Letp, n 6 N. We 
have (A p y£' — A p x Spec J p , so that 0(a p ) ( "' = Cap <8> J^. The latter statement 
also holds for n — oo, so that ©(ap)^" ' = Cap P\ , . . . , T p \ . 

Proof. Let us first assume that n is finite. We let fj := Xj — j/j for j = 1, . . . ,p 
and fj := Xj- P for j = p + 1, . . . , 2p. Then the assertion follows immediately from 
Corollary [XS] The superspaces (A p )^/ form an inductive system for fixed p. Since 
Cap <8> J^a is the projective limit of Oap <8> J^, for any p, the assertion follows. □ 

We now investigate when the regularity of K-superspaces is inherited by sub- 
spaces. To that end, consider the following definition. 

Definition 4.9 (Local factorisation). Let f : X —>Y, h : X — > Z be morphisms of 
K-superspaces. We say that h locally factors through f resp. locally factors uniquely 
if there are open covers Xi, Y% of X, Y such that Xi C f^ 1 (Yi) and h : Xi -^ Z 
factors resp. factors uniquely through / : Xi —} Yi, for any i. 

Proposition 4.10 (Regularity of subspaces). Let j : Y — ^ X be an embedding of 
'K-superspaces where X is regular. The following are equivalent: 

(i) The WL-superspace Y is regular; 

(ii) morphisms from open subspaces ofY to A p locally factor through j; and 

(iii) the M>-superspace Y is subregular. 

The equivalent conditions hold if j : Y — >• X is locally retractable. 

The proof uses the following lemma, which is based on ideas from the theory of 
ideals of C°°-functions, v. [H Chapter I, Proposition 1.2]. 

Lemma 4.11. Let X be regular, ip : Y — > X and (f>,ip : X — > A p be morphisms of 
IK- superspaces. Lf (<j> o ip)*(ti) — (i/j o <^)"(ij), for i = 1, . . . ,p, then cj> o (p = ip o ip. 
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Proof. Since X is regular, we may define g : X — > A p by the requirement that 
g^(xi) = $(U) and £>"(t/i) = ip^(U). Similarly, since A 2p is regular, there are unique 
morphisms pi,p2 '■ A 2p — > A p such that p\(U) = xi and p 2 (U) = jji- Obviously, 
P\o Q — 4> an d P2 ° Q = "0; where again, we have used the regularity. 

Now, let A; e Cap (WO where VF C Ag is open. According to Corollary 13.71 there 
exist functions k% defined on some open neighbourhood of Ao(W) C Aq x Aq with 

Pi{k)-pl(k) = Y\ Axi-yi)-ki. 

We thus compute 

0»(fc) - ip\k) = g*(p{(k) - p\(k)) = V" , (^(U) - ^(t^gHh), 

* — J %— 1 

so <p"(jr(k) = tp*ip*(k). Since k was arbitrary, we have (po tp = ip o ip. □ 

Proof of Proposition \4-10\ We may assume that j is a closed embedding, and by 
passing to open subspaces, it is sufficient to consider the maps A P (Y) — > r(CV k g) p . 
Let /i, . . . , f p £ r(Oy k o). There exist an open cover (Ui) of Xq and even superfunc- 
tions g tj e O x (Ui)o, j = 1, . . . ,p, such that j^fl-y) = /j|vi, where V* := JQ X (Ui). 

By the assumption on X, there are morphisms ifi : X\u i — > A p such that 
Vi {tj ) — 9ij ■ I n view of Lemma 14. 1 It the morphisms ip^ ° j arid pi o j coincide 
on ylvfcny,,. Hence, by Proposition If .201 there is a morphism ip : Y — > A p such that 
p = <pi o j on Y\vi- In particular, we have <p*(tj) — fj. Hence, the canonical map 
A P (Y) — > T(0 Y xo) p i s surjective for any p, and (i) and (hi) are equivalent. 

On the other hand, let ip : Y — > A p be another morphism such that ip^(tj) = fj, 
and assume that ip locally factors through j. Possibly after refining the open cover 
(Ui), ip : Y\v t — > A p factors through j : Y\v t — > X\u i by morphisms ipi : X\u i — > A p . 
Then hij ■= ipf(tj) satisfies j^(hij) — fj\vi- Applying Lemma [4. f fl and Proposi- 
tion [1201 again, we find that ip = p. 

Hence, if any morphism from an open subspace of Y to A p locally factors through 
j, then Y is regular. In particular, (ii) implies (i). Conversely, assume that Y is 
regular, and let ip : Y — > A p be a morphism. (By the definition of regularity, we 
may assume that ip is defined on all of Y.) Let fj := <pr{tj) and (Ui), (Vt), g^ be as 
above. Define <pi : X\u i — > A p by the condition <p\(tj) — gtj. Then the regularity 
of Y shows that p = <pi o j on Y\y t , so that ip locally factors through j. 

Finally, if j : X — > Y is locally retractable, then (ii) clearly holds. □ 

Corollary 4.12. Let p,n 6 NU oo. The "K-superspaces (A p )£ are regular. 

Proof. In view of Proposition 14.41 and because inductive limits commute, it is 
sufficient to prove this for p and n finite. The thickening j(°") : A p — > (A p )^ has 
finite girth. The reduction of (A p )^ is A p itself. Therefore, (A p )^ has finite girth, 
by Proposition 12.21 and so, is subregular, in view of Lemma T4.2I Proposition 14. 101 
applies to the embedding (A p )£' — > A 2p induced by A, which implies the claim. □ 

Here is a partial converse of the previous proposition. 



Proposition 4.13 (Regularity of thickenings). Let X and Y be K- super spaces 
where X is subregular, and j : Y — >• X be a locally retractable thickening of finite 
girth. IfY is regular, then so is X. 

Proof. In view of Proposition If .201 the question is local, so that we may assume, 
by passing to an open subspace, that j admits a retraction r : X — > Y and is 
of finite girth N. Then X = Y^ N \ where y(") denotes the normal infinitesimal 
neighbourhood of Y in X of order n. 

Let fi,...,f p 6 T(O XX q) and set g 3 := fi(fj). Denote by <p : Y -> A p the 
unique morphism such that (p*(tj) — gj, and set Ej := r^(gj) — fj. Since j^(£j) = 0, 
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the Ej are by assumption nilpotent elements of T{Ox)- By Proposition ^. 81 we may 
define a morphism -0°° : X — > (A p )^° by setting tpQ 3 '■— Vo and for any h £ 0& P {U) 

^{h-T 01 ) :=r i {<p i {h))-e a , 

where we use the familiar multi-index notation. 

Let r™ : {M>) { £> -> M> be the morphism A^ : (A?) ( £> -» A 2p , composed with 
the projection pi : A 2p — » A p . We define the morphism ^ := r^° o -0°° : X -^ A p . 
Then r^°" (tj ) = j/j = Xj — 1 • (&j — Vj)- Considered as a section of a? [pi , . . . , T p J , 
the latter quantity equals tj ■ T° — 1 • Tj. Hence, 

so that ^ meets the requirements. Since X is subregular, it is regular. □ 

Corollary 4.14 (Regularity of Weil thickenings). Let X be a regular IK.- super space 
of countable girth and A a Weil K-superalgebra. Then the Weil thickened K- 
superspace X is regular. In particular, Spec A itself is regular. 

Proof. By Proposition 12.221 X A also has countable girth. By Lemma 14.21 X A is 
subregular. Hence, Proposition 14. 131 applies, and the assertion follows. □ 

4.2. Locally finitely generated superspaces. The regular spaces we have con- 
sidered so far have many desirable permanence properties under the assumption 
that subregularity is preserved. However, subregularity is not automatically pre- 
served under thickenings and embeddings, and relatedly, (fibre) products do not 
exist. 

We will now single out the full subcategory of locally finitely generated super- 
spaces, which turns out to be better behaved on both accounts: it is stable under 
Weil thickenings and admits fibre products. 

Definition 4.15 (Finitely generated superspaces). Let X be a K-superspace. If 
there exists a tidy embedding j : X — > A p x Spec A for some Weil K-superalgebra 
A, then X is called finitely generated. It is called locally finitely generated if it 
admits a cover by finitely generated open subspaces. 

Proposition 4.16 (Finite generation implies tidiness). Let X be a locally finitely 
generated "K-superspace. Then X is tidy and hence regular. 

The proof relies on the following fact. 

Lemma 4.17. Let peN. The K-superspace A p has Noetherian jet spaces. 

Proof. If vo = ui, then Oap,x is the convergent power series ring in p indeterminates, 
so tTTjg x — and Oa?,x is itself Noetherian. If w = oo, then 

by F. Borel's theorem, and this is again a Noetherian ring. □ 

Proof of Proposition \4-16\ By Lemma 14.171 and Lemma 12.251 any Weil thickening 
of A p has Noetherian jet spaces. By the assumption and Proposition ^. 291 X is tidy, 
since this is a local property. By Lemma I4T21 and Proposition l4.10[ X is regular. □ 

Corollary 4.18 (Locally finite generation of Weil thickenings). The category of 
(locally) finitely generated K- superspaces is stable under Weil thickenings. 

Proof. Let ip : X — > A p x Spec A be a tidy embedding and B a Weil K-superalgebra. 
Applying the functor (— ) B = (— ) x SpecB, we obtain by Proposition 12.201 a mor- 
phism ip B : X B — > A p x Spec(^l (g> B). Evidently, it is an embedding. By Pro- 
position [0~51 X is tidy, hence, so is X B , by virtue of Proposition 12.281 Then 
Corollary 12. 331 shows that ip B is tidy. □ 
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Note that A p \ q is a Weil thickening of A p , so Corollary 14.181 savs in particular 
that A p \ q is locally finitely generated. 

Corollary 4.19 (Finite generation and affine embeddings) . Let X be finitely gen- 
erated. Then X admits a tidy embedding into some A p ' q . 

Proof. By Proposition 14. 161 X is tidy, and any embedding into A p \ q will hence be 
tidy and regular, in view of Corollarv l2.33l It suffices to show that any A r x Spec A, 
where A is a Weil K-superalgebra, can be embedded into some A p+r \ q . 

Since A is finitely generated by nilpotent elements, there exists a surjective 
homomorphism from B <g) C onto A, where C := K[0i, . . . , <d q ] and 

B := K[Ti, . . . , T p ]/(T^ ■ • -T^\a x + ■ ■ ■ + a p = N), 

for some non-negative integers p, q, and N , and even resp. odd indctcrminates Tj 
resp. Qj. We may assume A = B®C. Since Spec C — A ' 9 , we may assume A = B. 
Define ip : A r x Spec A —> A p+r by letting ifQ '■— idk>- X and tp* be the canonical 
projection A p+, -> AP+r /l N where 1(U) := AP+r (U) if U n (k r x 0) = and 

1(U) := {/ e A p+,.(C7) | f(k r x 0) - 0} 

otherwise. Then by Corollary 13.51 </Jq 1 (0 AP +r/l N ) = A >- (g) ^4. Thus, y is indeed 
a well-defined embedding A r x Spec A — > A p+r . D 

Corollary 4.20 (Characterisation of finite generation). Let X be a K- super space. 
The following are equivalent: 

(i) X is locally finitely generated; 

(ii) X is tidy and admits an open cover by subspaces embeddable into A p x Spec A, 
for some integers p and Weil ¥L-superalgebras A; 

(iii) X is tidy and admits an open cover by subspaces embeddable into A p ' q , for 
some integers p and q. 

Proof. We have (i) => (ii) by Proposition 14.161 and Corollary 14. 191 and (ii) => (iii) 
is obvious. Finally, (ii) ^- (i) follows from Corollary |2.33l and the definitions. □ 

Proposition 4.21 (Finite generation of reduction and body). Let X be locally 
finite generated. Then so are Xq and Xq . 

Proof. We may assume that X is finitely generated, so that, taking Corollary 14. 191 
into consideration, there is a tidy embedding if : X — > A p \ q . Then (A p '' 3 )o = 
(A p l ? )o = A p is reduced and in particular even. 

Since if o j X(t = J(ap\v) c ° ^g i s an embedding, </?q : Xq -^ A p is an embedding. 
Similarly, so is ifo : Xq — > A p . In particular, by Lemma [2.301 both Xq and Xq have 
Noetherian jet spaces. 

Since Xq has girth zero, it is finitely generated, by Corollary 14.201 Reasoning 
similarly, it remains to be shown that Xq has countable girth, and to that end, it 
is sufficient that the embedding f>Q be tidy. 

So, let 1 denote the vanishing ideal of if and X that of ip-Q. Fix / G Cap (U) such 
that f x € m^p X +T x for all x e Ur\ifo(X ). We may consider local sections AP as 
local sections of of AP | ,, as in Notation l3~51 The sheaf map Cap —> O kP \ q considered 
there is local on the stalks. Thus, if f x — g x + h x where g x 6 m^p and h x G l x , 
then g x € m™ lq x . Moreover, if\h x ) = (fl{h x ) = 0, so that f x G m^,,, x +l x for 
all x G U (~l if q(Xq). By the assumption on if, this implies that y"(/) = 0, and in 
particular, fAif) — 0, proving the claim. □ 

Proposition 4.22 (Products of finitely generated superspaces). Let X and Y be 
(locally) finitely generated. Then X xY exists in the category of regular superspaces 
of countable girth, and is (locally) finitely generated. 
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Proof. The question is local. So, passing to open subspaces, assume that em- 
beddings i : X — > A p x Spec A and j : Y — ► A r x SpecB are given, with the 
corresponding vanishing ideals I and J . Clearly, 

W := A p x Spec A x A r x Spec 5 = A p+r x Spec(A <g> S) 

exists in the category of regular superspaces. Let (7 C Aj x AJ be open such 
that (io x jo)(X x Y ) is closed in U, and /C be the ideal of Ow\u generated by 
p\(X) and p\{J)- Define the K-superspace Z := (Z ,Oz) by Z := X x Y" and 
Oz '■= (io x io)^ 1 [Ow\u I K) , together with the canonical embedding k : Z — >• W. 
Let t : Z° — > Z be the tidying of Z. Then fc° := k o i is an embedding and Z° is 
finitely generated by Corollary 14.201 

We have (p\ o fe°)"(I) = and (p2 ° &°)"(i7) = 0. Hence, the morphisms p\ o fc° 
and j»2 ° k° factor uniquely through i and j, respectively, giving rise to morphisms 
7Ti : Z° -)• X and tt 2 : Z° -> Y". 

Let i? be a regular superspace of countable girth, and <j> : R — > X, tp : R — > Y 
be morphisms. Since R is regular, <p := (j o 0,j o -0) : i? — >• W exists. Since 
(pi o ^)"(I) = and (p 2 o ^"(J) = 0, we have <^(/C) = 0. Moreover, ^o(^o) Q 
ko(Zo), so y factors uniquely through k, and since R has countable girth, it factors 
uniquely through fc°, by Proposition 12.341 Denote the resulting morphism R — >• Z° 
by 0. 

We have i o 7Ti o g = p\ o fc° o g = pi o <^ = i o 0, so that tti o g> = 0. Similarly, 
TT2 o g — ip. Let <r : _R — >• Z° be another morphism such that 7Ti o rr = </> and 
7T2 o cr = -0. Then fc° o a = (i o </>, j o 0) = fc° o g, and it follows that a = g. This 
proves the assertion. □ 

Corollary 4.23 (Limits of finitely generated superspaces). The category of locally 
finitely generated IK- superspaces is finitely complete. 

Proof. Since A p is Hausdorff, any locally finitely generated K-superspace is locally 
Hausdorff. Hence, the equaliser Z of morphisms (f>, ip : X — >• Y locally finitely 
generated K-superspaces exists in the category of K-superspaces of countable girth, 
owing to Proposition 12.371 

By the same token, such a Z is tidy, and locally possesses embeddings into some 
A p x Spec A, since so does X. But these embeddings are necessarily tidy, by Co- 
rollary [5321 so that Z is locally finitely generated. The assertion now follows from 
Proposition I4~22l □ 

The corollary allows to introduce the following notation. 

Notation 4.24 (Fibre products and fibres). Let <p : X — > Z and ip : Y ^ Z he 
morphisms of locally finitely generated superspaces. By virtue of Corollary 14.231 
the fibred product X XzY exists in the category of locally finitely generated su- 
perspaces. 

In particular, if ip is the inclusion of a point z £ Zq (Y = * and 0o(*) = z ), 
the fibre product is denoted by ip~ 1 (z) or X z . It is called the fibre at z of <p (or of 
X/Z). 

We note another corollary to Proposition 14.221 

Corollary 4.25. The reduction and body functors preserve finite limits in the cat- 
egory of locally finitely generated K-superspaces. 

Proof. For the reduction functor, this is true by Proposition 14.211 and by the con- 
struction of equalisers and products (see the proofs of Proposition 12.371 and Propo- 
sition E22) ■ 

For the body functor, observe first that finite limits of even locally finitely gener- 
ated K-superspaces are again even, so the category of even locally finitely generated 
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K-superspaces is finitely complete, in view of Corollary 14. 231 Since the body func- 
tor is right adjoint to the inclusion of even locally finitely generated K-superspaces 
into arbitrary locally finitely generated K-superspaces, by Proposition 14.211 and 
Proposition ^. 101 it preserves finite limits. □ 

We end this subsection by a discussion of morphisms and coordinates in the 
framework we have introduced. To treat the case where I^k properly, we need 
a piece of notation. Consider the following super-vector space V = Vq © Vj over 
(K, k): By definition, the odd part is V\ = K q and the even part is Vg = K p , 
considered as a k-vector space. We let A^ q be the affine superspace associated 
with V. If K = k, then A* = A*^, and if K ^ k, then A* = A 2 * as affine 
superspaces over (K, k) . 

If K = k, then we denote the standard coordinate system on A^ 9 = A p ' 9 by 
Xa, (,b- For the case of K ^ k, we let £{,, b = 1, . . . , q, be the standard coordinate 
functions coming from the V\ factor, and define x a , y a , a = 1, . . . ,p, to be given by 

( x 

C p — >• M : z — (x\ + iyx, . . . ,x p + iy p ) n> < °' 

respectively In what follows, it is understood that the y a are only present for 

K^k. 

Proposition 4.26. Let X be a locally finitely generated K- superspace. Then, for 
any non-negative integers p and q, there is a bijection 

Hom(I,Af)^r(0^xO^), 

natural in X , given by 

ip \->, <y (.ti + iyx), ..., ip^Xp + iy p ), <^(£i), • • • , ^fe))- 

The point of the proposition is that the tuples of superfunctions defining mor- 
phisms are not required to be k-valued. In its proof, we use the following construc- 
tion. 

Lemma 4.27. Let X be a ^-superspace and X := (Xq, O x q)- There is a canonical 
morphism ipx ■ X — > X , satisfying the following universal property: For any even 
^-superspace Y and any morphism ip : X — V Y , there is a unique morphism ip : 
X — > Y such that Lp — ip o ipx ■ In particular, X H> X defines a functor and the 
tJjx define a natural transformation id — > ~. The functor ~ maps (open resp. closed) 
embeddings to (open resp. closed) embeddings and preserves the subcategory SSp K s . 

Proof. Define ip — ipx ■ X — > X by setting ipQ := idx and -0 to be the natural 
sheaf map x ,o — * ®x- Let Y be an even K-superspace. Any morphism Lp : X — > 
Y factors uniquely through ipx, because Lp* and all the superfunctions on Y are 
even. Thus, X H> X is the object map of a left adjoint to the inclusion of even 
K-superspaces in K-superspaces. The statements about embeddings are obvious, 
because of the graded nature of vanishing ideals. 

Finally, let us show that X is locally finitely generated if X is. Firstly, let A be 
the even part of the Grassmann algebra O a o|m. Then 

A = K [Uj | 1 < i < j < M] J I , where I := (U 3 t u \ {i, j} n {k, £} ^ 0) . 

This is an even Weil K-algebra, and in case X = A N \ M , we have X — A N x Spec A 
Applying Corollary 14.181 we find that X is finitely generated in case X = A N . 
Moreover, it follows from the definitions that X is tidy if X is. Thus, according to 
the above statements about embeddings, Corollary 12.331 and the definitions, X is 
indeed locally finitely generated if X is. □ 
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Proof of Proposition \4-26\ Unless K/k, there is nothing to prove, in view of Pro- 
position 13.141 Thus, we may assume that K = C and k = R. Moreover, since 
A^ = A^ x A ' 9 , where A^ is the affine K-superspace associated with the R- vector 
space C p , we may by the same token assume that q = 0. 

Since A^ is even, we may by Lemma 14.271 assume that X is even. In case 
X = A N , Corollary 14.31 shows that a morphism X — > A^ is the same as a map 
W. N — > C p of class C ro . In turn, this is the same as a p-tuple of C- valued functions 
on R^ of class C ro . This proves the assertion in case X = A N . 

In general, we may assume that there is an embedding j : X — > A N . Since 
A^ = A 2p , Proposition 14.101 shows that any morphism X — > A^ locally factors 
through j. By the assertion for X — A N , and by Proposition 11.201 it follows 
that the map in the statement of the proposition is injective. Conversely, suppose 
we are given tpi,...,(p p £ T(Ox)- Passing to an open cover, we may assume 
that ip a — j^{ipa) for some ip a £ T(O^n), a = 1,...,N. There is a morphism 
ip : A N — > A^ such that ip^(x a + iy a ) — ip a . Defining ip : X — » A^ by p :— ip o j, we 
are done. □ 

We are now in a good position to discuss the meaning of morphisms from Weil 
thickened superspaces to a regular superspace with a global chart. 

Scholium 4.28 (Morphisms and products). Let S be a locally finitely generated K- 
superspace, and A a Weil K-superalgebra. Consider the Weil thickened superspace 
S A — S x Spec A with structure sheaf OgA = Os <8> A, defined in Construction 12 . 1 SI 
Then S A is again locally finitely generated. Recall that (S A )o = So- On one hand, 
we have 

jfs-) (/ ® 1) = Js (/) fOT ^1 / € O s (U); 

on the other hand, jfs A ) = on Os <8> m. 

Let X be a regular K-superspace with a global system of coordinates x — (x a ). 
Then X is isomorphic to an open subspace of some A p ' q . By Proposition l3.14[ the 
set X(S ) of morphisms p> : S — ► X is in natural bijection with 

{s = (s a ) £ (T(O s ) ® A) n | | ao | = |s B | , s(S ) C x(X )}, 

where n := p + q. Under the bijection, ip maps to s if and only if s — <pr(x). 

Now, let m := k + i, where dimm = k\£, and choose a homogeneous basis 
e 1 , . . . , e m of m. For any a, we may write 

m 

s a = s° a ® 1 + J2 s a ® e b , 
fe=l 

with unique s^ £ T(Os), b = 0, . . . , m. Since J, s a\ (s a ® e') = for b > 0, we have 
X(S A ) S {s = (s b a ) £ r(O s ) n < m+ V | |4| = \x a \ + \e b \, s °(S ) C x(X )}, 

where we agree to write e° := 1, and s b := (s„) a= i l ... )n for b = 0, ...,m. Observe 
that here, the mapping condition only concerns s . 

Applying Proposition 13.141 s° corresponds to a morphism ip° : S — > X, and by 
Proposition ^. 261 s b , for b > 0, corresponds to a morphism tp b : S — > A^ 9 if \e b \ = 0, 
and to a morphism ip b : S — > A^ p otherwise. The correspondences are given via 

f-u!*(x) and s'-i^ |e " l = 5 ' 

Here, z = (x a + iy a ,£,a) denotes the standard coordinate system of A^ , and IIz 
denotes the standard coordinate system of A^ p . 
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In summary, we have for dimX = p\q and dim A = (k + 1)\£ a bijection 

(4.2) X(S A ) S X(S) x Af(S) k x A* (S) £ = (X x A k K p+£qlkq+ep )(S) 

which depends on the choice of a (global) coordinate system on X. 

In this form, the bijection, however, also depends on the choice of a homogeneous 
basis of m; only the first component is entirely canonical. 

To give a bijection, which only depends on the choice of the coordinate system 
(x a ) on X, consider the affine superspace m p ' 9 associated with the (K, k)-super- 
vector space obtained by forgetting the K-structure on the even part of m ®k K p ' 9 . 
The data (Sq)&>o correspond to a morphism <p + : S — > m p ' 9 via s^ = <p + ^(eb (g> z a ). 
We obtain a bijection 

(4.3) X(S A ) = X(S) x m plq {S) = (X x m p|9 )(S), 
where ip and (ip , p + ) are related by 

(id®e)(p*(f)) = p oi (f) and (id® p)(p*(z a )) = p+Hp® z a ); 

here, e : A — > K is the unique algebra morphism, and / e Ox(U), p E m* are 
arbitrary. The obtained bijection is natural in S and the pairs (X, (x a )). 

4.3. Relative supermanifolds. In this section, we can finally introduce relative 
supermanifolds. In what follows, let S be a locally finitely generated K-superspace. 
We denote by SSp s s the full subcategory of SSp s consisting of all X/S which are 
locally finitely generated as K-superspaces. In the case of S = *, we write SSp s . 
In this, we are assuming that IK, k and w are understood. If this is not the case, 
we will write SSpj^' k | and SSp^ ' k s , respectively. 

Definition 4.29 (Relative affine superspace). We let A s := S x A p ' 9 , the product 
of locally finitely generated superspaces. Let t — (t a ) be the standard coordinate 
system on A p ' 9 . By abuse of notation, the collection (p 2 {ta)) of superfunctions on 
Kg will again be denoted by t = (t a ). 

We call this system of superfunctions the standard fibre coordinate system and 
say it is in standard order if the original system of superfunctions on A p ' q was. As 
with coordinate systems, we take the liberty also to denote this by (t, 0) if we wish 
to see the parity explicitly. 



Proposition 4.30 (Morphisms with relative affine target). Let X/S be a relative 
WL-superspace in SSp 5 . There is a natural bijection 

Horns (X, A-f) -* {(<Pa) 6 T(O x f +<i \ Va : \p a \ = |t a |} : p .-> p\t). 



Proof. Since X is regular, it suffices to remark that there is a natural bijection 
Horns (X, S x Y) = Hom(X, Y) for locally finitely generated K-superspaces Y . D 

Definition 4.31 (Fibre charts and fibre coordinate systems). Let X/S be a relative 
K-superspace in SSp s s and U C S an open subspace. By Proposition ll.181 X x$U 
exists and is an open subspace of X. Let V be an open subspace of X Xj U . 

A local fibre chart (defined on V/U) is then by definition an open embedding 
<p : V/U — >■ Ajy /U. If V = X, then we call p a global fibre chart. The tuple p\q is 
called the (graded) fibre dimension of p. 

Let ip be a local fibre chart. The tuple (x, £) := p\t,9) (also denoted x = 
(x a ) := tp$(t a )) is called a system of local fibre coordinates (defined on V/U). If p 
is a global chart, we call it a system of global fibre coordinates. Due to Proposi- 
tion [1201 fibre charts and fibre coordinate systems arc in bijection. We will also 
call p\q the (graded) dimension of (x, £). 
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Given a system of local fibre coordinates (x, £) defined on V/U, any / £ Ox(V)) 
has a unique representation 

(4.4) / = E 7 ^ 7 < whcrc ^-^•••fi* 

and // = x* (gi) for some gi £ Oa p {<Po(Vo))- Here, by abuse of notation, x denotes 
the morphism V/U — s- A^/f/ determined by x"(tj) = Xj. 

Proposition 14.301 and Definition 14 . 3 1 1 at once give the following. 

Corollary 4.32 (Relative morphisms vs. fibre coordinates). Let X/S and Y/S be 
in SSp s s and y — (y a ) a global fibre coordinate system in standard order on Y . 
The following map is a bijection: 

Rom s (X,Y) -^{x£ T{O x )l x T (°x)l I x ( X o) Q v(*b)} = V -»• vHy). 

Definition 4.33 (Relative supermanifolds). Let X/S be in SSp s s . If, for every 
point x £ Xq, there exist an open subspace V/U of X/S such that x £ Vq and a 
local fibre chart of X/S defined on V/U , then X/S is called a super-premanifold 
over S. If in addition, Xq is a Hausdorff topological space, then X/S is called a 
supermanifold over S. In case 5 = *, X is simply called a supermanifold. 

By reason of Corollary 14.31 the graded dimensions of all local fibre charts at 
x £ Xq are identical. We denote their common value by dims^ X and call this the 
(graded) fibre dimension at x. For S — *, we simply write dim^ X and speak of the 
(graded) dimension at x. If dm\s, x X (resp. dim^ X) is independent of x, then we 
say that X has pure (fibre) dimension. 

The full subcategory of SSp s whose objects are the supermanifolds over 5 is 
denoted by SManj. For S = *, we write SMan. If K, k, and zu are not understood, 
we write SMan^ k s and SMan^ k , respectively. 

If S is a supermanifold, then in the literature [3J[7] , supermanifolds over S have 
been previously considered, under the name of families of supermanifolds. 

Lemma 4.34. Let X/S be a super-premanifold over S. When S is a super- 
premanifold, then so is X, and Ami x X = dim s S' + dimg^X, for px,o{x) = s £ Sq. 

Proof. The question is local, and A r l s x A^ = AP +r ^ +s . □ 

Lemma 4.35. Let X be a super-premanifold over S . Then Xq resp. Xq is a super- 
premanifold over Sq resp. Sq. If S = *, then Xq = Xq. 

Proof. The statements are local, and for A^,' 9 , they follow from Corollary 14. 251 □ 

Proposition 4.36 (Gluing of supermanifolds). Let (Ui,Xi/Ui,ipij) be gluing data 
for super-premanifolds over S. The glued superspace X/S is a super-premanifold 
over S. Moreover, if S and the Xi are paracompact, then so is X. 

Proof. The existence of X/S follows from Proposition 1 1.201 Since we have isomor- 
phisms Xi/Ui — > (X Xj Ui)/U, it is clear that X possesses an open cover by local 
fibre charts, so that it is a super-premanifold over S. 

To establish the paracompactness assertion, we drop the subscripts (— )o and 
work in the category of topological spaces. Let X be the space obtained by gluing 
the Xi, and p : X — > S the projection. Let V = (Vj) be an open cover of X. Since p 
is open and S is paracompact, we may by passing to a refinement assume that {U/) 
is locally finite and each p(Vj) is contained in some U. This gives open covers V, of 
Xi such that V = [J i Vi- Replacing each of the Vi by a locally finite open refinement, 
we obtain a locally finite open refinement of V. Hence, X is paracompact. □ 
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Proposition 4.37 (Base change). Let X/S be a super-premanifold over S and T/S 
be in SSp s s . Then X x$T is a super-premanifold over T , called the base change of 
X/S. If X/S and T/S are supermanifolds over S, then X x$T is a supermanifold 
over T and over S . 

Proof. For the first statement, it suffices to observe Ag Xj T — A^! 9 . As to the 
second, we remark that A x So T is Hausdorff in case A , T are. □ 

Corollary 4.38. Finite products in SSp 5 s preserve SManj. 

4.4. Weil functors. In this subsection, we construct the Weil functors, and rela- 
tive versions thereof. These furnish a uniform framework for the study of (relative) 
even and odd tangent bundles, and their higher order versions. Originally, Weil 
functors were defined by A. Weil [11 in the case of ordinary manifolds. For super- 
manifolds, they were introduced by Balduzzi-Carmeli-Fioresi [TJ. We show that 
they (and their relative versions) exist in the category SSp K s and arise as (relative) 
inner horns in this category. This point of view is very efficient, as was originally 
noticed by Kontsevich for the odd tangent bundle in his seminal paper [6] . 

Definition 4.39 (Relative inner horns). Let C be a finitely complete category, S be 
an object. We write Cs for the category of objects X/S, Y/S over S (i.e. morphisms 
px ■ X — > S and py ■ Y — >• S, respectively) and morphisms ip : X/S —> Y/S over S 
(i.e. morphism X — > Y in C which relate the given morphisms px and py)- The 
horn sets in this category will be denoted by Horns (A, Y). 

Given X/S and Y/S, we define a functor Hom .sfX. Y) on Cs with values in the 
category Sets of sets and maps by 

Hom s (A,y)(T) := Horns (Tx 5 X,Y) 

for all T/S. An object Z of Cs representing Horn s (A, Y) is called a relative inner 
horn from X to Y and denoted by Horns (A, Y). That is, there is a natural bijection 

Homs(T,Homs(A,y)) =Homs(TxsA,r) 

for all T/S. If it exists, Horn s (A, Y) is unique up to canonical isomorphism. In 
case S = * is a terminal object, we just write Hom (A, Y) and drop the 'relative'. 
Of course, for objects A, Y of Cs, Horn s (A, Y) is just Horn (A, V) in Cs- 

Remark 4.40. This definition (for S = *) mimics the customary identification of 
maps of sets / : T x A — > Y and g : T -> Maps(A, Y), given by f(t, x) = g(t)(x). 

If 5 is a set and px ■ X -> S, py ■ Y — > S are sets over S, then Hom ,g(X. Y) is 
represented by the disjoint union 



{J({ S }xMaps(A s ,y ;! )), 



where A s = p x (s) and Y s — py (s) are the fibres of X/S and Y/S, respectively. 

Relative inner horns are functorial in several ways, as we now discuss. 

Construction 4.41 (Functoriality of inner horns). Assume that Horn s (A. Y) is 
representable in the category Cs- If X' / S is such that Homs(A', Y) exists, consider 
/ : X/S —s- X 1 / S. We define a morphism 

Horn s (f. Y) : Hom .sfA', Y) ->• Hom .gfA. Y) 

as follows: Let <i £ Eam s (X',Y)(T) = Horns (T x s X',Y). Define 

Horns (f,Y)(ip) :=ip o (id T x s f) e Hom s (T x s X,Y) = Homs(A, Y)(T). 

Since this construction is natural, it defines the required morphism Horn s ( f, Y). 
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It is clear that Hom .g(idx,Y) — id and 

Hom s (/o/',y) = Homs(/',F)oHoms(/,y), 

for / : X'/S -)■ X"/S such that Horn s (A" \Y) exists, so that Hom sf-.F) is a 
contravariant functor on the full subcategory of Cs, on which it is defined. 

Similarly, for any Y'/S such that Hom ,g(X,Y') is representable, we define, for 
g : Y/S -)■ Y'/S, a morphism Horn s (Xq) : Hom s (X,y) -> Hom s (X,y') by 
setting, for any ^ G Horn s (X, Y){T) 

Hom s (X, , 9 ) (V) := .9 o ^ G Hom s (T x 5 X,F') = Egm^*, Y')(T). 

One sees easily that Horns (A, — ) is a functor on its domain of existence in C5. 

Finally, assume that Horn s (A, Y), Hom .s (Y, Z) are representable in Cs. We 
define a morphism 

o = o x .y,z ■ Horn s (YZ) xHom s (l,y) -» Horns (X,Z), 

called inner circle, as follows. For 

ip G Horns (X, Y){T) = Hom T (T x s I,rx s 7), 
tf> e Hams (Y,Z)(T) = Hom T (T x s Y,T x s Z), 

we obtain a composite tp o tp g Horn s (A, Z)(T) as 

V» °c V? G Hom T (T x 5 X,T x 5 Z), 

after identifying with Horn s (A, Z)(T). The inner circle o is a natural transforma- 
tion of (tri-) functors. It enjoys the obvious associative law. 

Moreover, if Hom .gfA, X) is representable, there is a morphism 

l x : S ^Hom s (X,X) 

over S, corresponding to the element idx G Homs(A, X) = Horns (X,X)(S). (Re- 
call that S is the tensor unit of Xs.) It is a left and right identity for the inner 
circle. In particular, Hom .sfX, X) is a monoid object in Cs, whenever it exists. 

Weil functors are fibre bundles in SMang. The relevant definitions are as follows. 

Definition 4.42 (Relative fibre bundles). Let X/S and B/S be in SSp'j 8 . Let 
I be the set of connected components of Bo, F — (Fj)j g j a collection of locally 
finitely generated superspaces over S, and assume given a morphism p : X — > B, 
so that X lies over B. A relative local trivialisation of X/B (or of p) with typical 
fibre F consists of an open subspace U C B and an isomorphism 

T-.UxsF-^JJUi x s F l ^Ux B X=p- 1 (U) 

over U, where U{ := U P\i. Denote by t^, s (U) the set of all relative local triviali- 
sations (U, t), where U is fixed. Then t^, s is a sheaf of sets on B - 

A subsheaf A C t^, s is called a relative fibre bundle atlas with typical fibre _F if 
for every b G -Bo, there is an open subspace U C B such that i£[/ and A(U) ^ 0. 
Two such atlases are called equivalent if their union is still an atlas. 

We say that X/B is a relative fibre bundle (over S) with typical fibre F if there 
exists an atlas of local trivialisations A of X/B with typical fibre F. In case S = *, 
we simply say that X/B is a fibre bundle. 

If X/B is a relative fibre bundle whose typical fibre F = (Fj)j e j is a collection 
of supermanifolds over 5, then X is a supermanifold over S, according to Corol- 
lary WM 
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In the following, let A = K © m be a Weil K-superalgebra. Moreover, we fix 
S £ SSpJ[ g . We will write 

Spec s A := S A = S x Spec A. 

Proposition 4.43. For any relative supermanifold X/S, the relative inner horn 

T^X := Hom s (Spec s A, X) 

is representable in the category SSp s s , and lies in the subcategory SManj. More- 
over, we have the following facts. 

(i) For A — K, we have a natural isomorphism Tg'X — » X . 

(ii) For a morphism p : A — >• B 0/ W^ei^ K- super 'algebras, there is a canonical 

T% : T A X -4 TfX, 

and i/ie assignment p> h-> Tg is functorial. 

(iii) For any p '■ A ^t B as in (pi]). £/ie Tg are natural transformations of functors 
Tg — )• Tg 3 . TTiai is, i/iere is a commutative diagram 

TgX — —+ T^Y 



T£X —-^ T$Y 

for every morphism ip : X/S — > Y/S. Here, Tgip — Horn s f Spec g A, ip). 
(iv) The unique morphisms 

of ^K-superalgebras induce via (JTTJ) canonical morphisms 

X Sx ' = T *> Tg-X Px '' = TS > X 

of "K-superspaces over S. Then s x is a section of p x , i.e. p x os^ = \&x- 

(v) We may consider the superspace TgX as lying over X by the projection 

Px '■ Tg X — > X and under X by the canonical section s x : X — > TgX. Then the 

morphisms Tgip : TgX — > TgY are over and under ip. Moreover, the projection 

and canonical section define natural transformations px '■ Tg — » id and sx ■ id — > 

T s , so the morphisms Tg from (JTTJ) are over and under X . 

(vi) With the morphism p x : TgX — > X as the projection, TgX is a relative 

fibre bundle over X, whose typical fibre at x £ Xo with p\q — dixns, x X is m p ' q . 

Thus, if dim A = (r + l)|s, d = dimjj K, then 

dimx,y Tg X — d(pr + qs)\ps + qr whenever dims,x X — p\q , p x {y) = x - 

Before showing the representability of TgX, we construct the natural mor- 
phisms. 

Construction 4.44. Consider a morphism of Weil K-superalgebras, ip : A — > B 
(say). This induces a morphism 

Spect/? := (*,(p) : SpecB — > Spec A, 

which we promote to a morphism 

Spec s p : Spec s B — ► Spec s A 

over S. Now, assume that Horn s (Speco A, X) and Hom .s'fSpeCg B, X) are repre- 
sentable. Then we may define 

Tg := Horn ,? f Spec c <p, X) : T$X -> TgX 
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by simply applying Construction |4T4"T1 

Proof of Proposition \4-4<A We first assume that X is an open subspace of the 
relative affine superspace Ag = S x A P K Consider the tensor product m p ' 9 = 

Recall the facts discussed at length in Scholium 14.281 In particular, for T G 
SSp s g , we have, by the obvious extension of Equation (|4.3p to the relative case, a 
bijection 

Hom s (T x s Spec s A,X) = Hom s (T x Spec A, X) £* Rom s (T,X x m plq ), 

which is natural in T/S. Thus, Hom g(Spec g A, X) exists, and is represented by 
the direct product X x m p ' 9 . 

The general case now follows by passing to an open cover, using the functoriality 
of Horn s' ( Spec g A, — ) from Construction 14.411 and applying Proposition 11.201 By 
the same token, the assignment X \-> TgX defines a functor. 

For A = K, we note that Spec s A = S, so we have natural bijections 

Horn g (Spec s A, X)(T) = Hom s (T X S S, X) = Hom s (T, X) 

for T/S, so that X = TgX by the Yoneda Lemma. This proves item (jl]). 

Item (JTTJ) follows immediately by Construction l4~44l Similarly, dm]) is implied by 
the associativity of the inner circle, v. Construction 14 . 4 11 Item (|ivj) is a special case 
of (jnj). For (jvj), the first part is a special case of dm)) , and the second follows from 

e B o ip — ea and rj B = <p ° Va 

for any morphism ip : A — > B of Weil IK-superalgebras. The second equation is a 
consequence of unitality, and the first is one of locality, which is automatic. (For 
the latter, one may argue as in the proof of Proposition I2.14H 

As for (|vT| . it is by the functoriality and (jvj) sufficient to consider an open sub- 
space X C A P s ' q , which was treated in detail at the beginning of the proof. □ 

Definition 4.45 (Relative Weil functor). The functor Tg which maps X/S H> 
TgX and morphisms ip : X/S ->■ Y/S to morphisms ip A := Tgip : TgX ->• T^Y 
over i/j is called the (relative) A- Weil functor. Endowed with the projection p^, 
TgX is called the (relative) A-Weil bundle of X. 

Example 4.46. Let X 6 SManj and consider the algebra A := K[e]/(e 2 ) of dual 
numbers. There is a natural bijection from Horns (T,TgX) to the set of pairs 

{Qp,S) g Rom s (T,X) x Kom^ s (<p^O x ,0 T ) \ 5(fg) = ^(/)(5( 5 ) +S(f)^(g)} 

of morphisms ip : T/S —5- X/S and even derivations along tp, which are linear over 
Os- One easily verifies that the transition functions of TgX are given by first 
derivatives. Hence, TgX is a K-vector bundle whose sheaf of sections is seen to be 

r x/s --=m: p -^ 0s (Ox,o x ) } 

the relative tangent sheaf of X, where T>er is the sheaf of graded derivations. 
Moreover, if E is a K-vector bundle over X, then by definition, its sheaf of sections 
is the unique Cjf-module sheaf 8 such that for every Y/X, we have 

Hom(r,y x x E) = Rom(0 Y ,P* Y (£))- 

Therefore, TgX is the relative tangent bundle of X. 

Proposition 4.47. The relative Weil functor Tg enjoys the following properties: 

(i) Tg preserves finite fibre products over S, and there is a natural base change 
isomorphism 

RxsTgX^TgiRxsX). 
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(ii) If U is an open subspace of X , then TgU is an open subspace ofTgX. 
(iii) If B is a Weil K-superalgebra, then there is a natural isomorphism 

T A®B =T A oT B 

In particular, we have a natural isomorphism Tg o Tg = T§ o Tg. 

Proof. (JTJ) Preservation of binary products follows from the natural bijection 

Horns (T,T#(X xs Y)) = Horns (T x s Spec s A,X x s Y) 

= Horns (Tx s Spec s A, X) X Hom s (T x s Spec s A, Y) 

= Horns (T, T£X) x Horns (T, T^F) 

after an application of Yoneda's Lemma. The case of the empty product is similar: 

Homs{T,T£(S)) =Homs(TxsS P ec s A,5) = *, 

so that Tg(S) = S. For the base change, we compute 

Hom fl (T, £ x 8 T£X) = Horns (T, T^X) = Horns (T x s Specs A, X) 

= Hom_R (T x R Spec fl A, i? x g X) 

= Kom R (T,T£(Rx s X)), 

where we recall Spec s A = S x Spec A, and the superspace T/R is considered as 
lying over S by the composition with R/ S. 

Item (JTiJ) is clear by construction, and for (jm)) . we observe that 

Spec A <g) £ = Spec yl x Spec -B 

by Proposition 12.201 so 

Horns (T, T A ® B X) = Hom(T x s Spec s A x s Spec s B, X) 

= Kom(T x s Spec s A,T£x) =Kom s (T,T s A (T s 3 X)), 

for any locally finitely generated K-superspace T/S. D 

The following lemma is a generalisation of Proposition 14.431 (fvT|) . It shows the 
utility of the general point of view on Weil functors, but we will not be applying it. 

Lemma 4.48. Let ip : A — > B be a morphism of Weil K-superalgebras. If ip is 
surjective, then TgX : TgX — > Tg X is a relative fibre bundle with typical fibre 
(kev(p) p ' q at x, where dims^X =p\q. If p is injective, then locally, Tg is isomor- 
phic to (id, 0) : TgX -> Ttfx x {m B /p(m A )) plq - 

Proof. Both statements are local. Let X be an open subspace of A s . Then 
T| : X x m p l q -> X x m^ ? is given by T$ = id x x tpP\*, where <pP\* = tp\ mA <g> id KPk . 
If p is injective, then there is a linear isomorphism nig = m^ x xtiB / '<p(vn-A) ■ If h is 
surjective, then is an isomorphism vha — > kery x tng- D 

Remarkably, the natural transformations Tg already exhaust the full set of nat- 
ural transformations between (relative) Weil functors. In the setting of manifolds, 
this was already noticed by A. Weil [TTj . 



Proposition 4.49. Let A and B be Weil 'K-superalgebras. Consider Tg and Tg 
as functors SManj — > SMang . The map ip i— > Tg is a bijection from the set of 
algebra morphisms A — > B to the set of natural transformations Tg — >■ Tg , which 
are natural under base change in T/S . 



In the proof we note the following lemma. 



Lemma 4.50. Any natural transformation Tg — >■ Tg is uniquely determined by 



its value at X = A s . 
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Proof. Indeed, let a, r : T A — > T§ be natural. We first show that they are deter- 
mined by their values on A s . So, assume that cta 1 ' 1 = ta 1 ' 1 - 

The naturality of a and r gives ax = tx for X — A s and X = A s . Since T A 
and Tg preserve fibre products over S, we obtain equality for X = A s , where p 
and q are arbitrary. By item ((n]) of Proposition 14.471 this equality extends to the 
case of an open subspace X of A s , and thus, to an arbitrary supermanifold over 
S, in view of Proposition 11.201 

This proves a = r under the assumption of ax — Tx for X — A s . Naturality 
and item (jm| of Proposition 14.471 show that TgTx = t t c x for any Weil super- 
algebra C. In particular, for C = K[r] (r being an odd indeterminate), we have 
T^A 1 ' = Ag' 1 , by Equation (|43|) . Then ta 1 / = T^As 10 ' and tllis nnalr y proves 
the assertion. □ 

Proof of Proposition pTTffi Let Ajc := k © m, where we forget the K-structure on 
the even part. Then A^ is a monoid in the symmetric monoidal category of finite- 
dimensional super- vector spaces over (K, k) . 

Observe that T A (A 1 ) = A^ as supermanifolds over (K,k). Thus, the structure 
morphisms a, m : A 1 x A 1 — > A 1 of addition and multiplication, respectively, of the 
k-algebra k, give rise to operations T A (a) and T A (m) on A^. By construction of 
T A , these are the same as the given addition and multiplication of A^. In particular, 
they are K-linear resp. K-bilinear on m. 

By the base change formula in Proposition ^. 471 we have Tg(A s ) = S x T (A 1 ), 
Tg(a) — ids x T A {a), and T A (m) = ids x T A (m). Any natural transformation 
Tg — > Tg gives rise to a morphism ip: SxA^SxB over S, which commutes 
with the promotion of a and m to operations on S x A and S x B. Naturality 
applied to the embedding t] A x : A s — > S x A, gives the unitality of ip. 

Finally, by the assumption of naturality, tp is of the form ids x 'V for some 
morphism ip : At — > Bt of monoids in the category of super-vector spaces over 
(K, k) . Obviously, this extends uniquely to an even K-superalgebra morphism A — > 
B. By Lemma [4.501 this proves our claim. □ 
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